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1 Course Goals

The central problem of this course is: how do we sample from a target distribution
π ∝ e−V on Rd and compute statistics Eπ[h], efficiently in high dimensions? We assume
access to π either via (1) query access to V or ∇V (with unknown normalization
Z =

∫
e−V dx), or (2) data access via existing samples X1, . . . , XN ∼ π. Motivating

settings include:

• Bayesian inverse problems: given y = F (θ) + ξ where ξ ∼ N (0, σ2Id) and a
prior pprior(θ), sample the posterior ppost(θ) ∝ pprior(θ) e

−∥y−F (θ)∥2/(2σ2).

• Statistical physics: Gibbs measure π ∝ e−V/T with potential V and temperature
T ; partition function Z =

∫
e−V/T dx is intractable.

• Generative modeling: π is an unknown data distribution accessible only through
samples.

• Reinforcement learning: V relates to reward functions.

Course outline and references

• Static methods: rejection/importance sampling, curse of dimensionality.

• Dynamical methods: MCMC, Langevin SDEs, gradient flow interpretation,
mixing time and bias, acceleration by kinetic Langevin, preconditioning by affine
invariant methods, de-bias via Metropolis-Hasting.

• Flow and diffusion methods: diffusion models, flow matching (ODEs/SDEs),
posterior sampling with generative priors, stochastic optimal control, variational
inference, and discrete diffusion.

References: Sanz-Alonso & Al-Ghattas (Introduction to Monte Carlo) [61]; Chewi (Al-
gorithmic Complexity of Log-concave Sampling) [22]; Liu (Monte Carlo Strategies in
Scientific Computing) [51]; Sanz-Alonso, Stuart & Taeb (Inverse Problems and Data
Assimilation) [62]; various diffusion/flow papers.
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2 Static Methods: Rejection and Importance Sampling

We start with the setting where we have query access V or its gradients. Namely, we
know the density up to normalization constants.

2.1 Generating Samples in One Dimension

We assume throughout that U ∼ Unif(0, 1) can be generated. This suffices to sample
any one-dimensional distribution via the following standard fact.

Proposition 2.1 (Inverse CDF method). Let π be a probability distribution on R with
CDF F (x) = Pπ(X ≤ x). If U ∼ Unif(0, 1), then X = F−1(U) ∼ π, where F−1(u) =
inf{x : F (x) ≥ u}.

Proof. P(F−1(U) ≤ x) = P(U ≤ F (x)) = F (x).

This gives Gaussian, exponential, and other standard distributions. For general high-
dimensional targets, the CDF is intractable and more powerful methods are needed.

2.2 Rejection Sampling

Setup. Let π, g : Rd → [0,∞) be probability densities with supp(π) ⊆ supp(g), and
fix M ≥ supx∈Rd π(x)/g(x) <∞.

Algorithm. Repeat until acceptance:

(1) Draw Y ∼ g and U ∼ Unif(0, 1) independently.

(2) Compute r(Y ) = π(Y )/(Mg(Y )) ∈ [0, 1].

(3) If U ≤ r(Y ), return X = Y . Otherwise go to (1).

Proposition 2.2 (Correctness). The returned sample satisfies X ∼ π.

Proof. For any measurable A ⊆ Rd,

P(Y ∈ A | Y accepted) =
∫
A g(y) r(y) dy∫
Rd g(y) r(y) dy

=
1
M

∫
A π(y) dy

1
M

=

∫
A
π(y) dy.

The acceptance probability is P(accept) = 1/M , so the waiting time follows Geo(1/M)
with mean M . Given N i.i.d. proposals Y1, . . . , YN ∼ g and U1, . . . , UN ∼ Unif(0, 1),
with ri = π(Yi)/(Mg(Yi)), the RS estimator of Eπ[h] is

IRS
π,N (h) =

N∑
i=1

1{Ui ≤ ri}h(Yi)

N∑
i=1

1{Ui ≤ ri}

. (2.1)
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Remark 2.3. Rejected proposals are completely discarded. There is no mechanism for
moving bad samples toward π; one simply waits for a good draw. When M is large—as
it inevitably is in high dimensions—this is very wasteful.

2.3 Importance Sampling

Known target. The key identity is

Eπ[h] =

∫
h(x)π(x) dx = Eg

[
h(Y )

π(Y )

g(Y )

]
.

Setting wi = π(Yi)/g(Yi) and using Eg[wi] = 1, the self-normalized IS estimator is

IISπ,N (h) =

N∑
i=1

wi h(Yi)

N∑
i=1

wi

. (2.2)

Unknown normalization (AIS). In practice π = π̃/Z with π̃ = e−V computable
but Z unknown. The unnormalized weights w̃i = π̃(Yi)/g(Yi) give the auto-normalized
IS (AIS) estimator

IAIS
π,N (h) =

N∑
i=1

w̃i h(Yi)

N∑
i=1

w̃i

, (2.3)

where Z cancels in the ratio.

Remark 2.4. Unlike RS, IS assigns every proposal a weight rather than accepting or
rejecting it. A “bad” proposal (small π/g) contributes little but is not wasted. The cost
is high weight variance when π and g differ significantly.

2.4 Asymptotic Theory

Both estimators are ratios of sample averages of i.i.d. variables. Their asymptotics follow
from the multivariate CLT and the delta method for (a, b) 7→ a/b.

Theorem 2.5 (CLT for RS and AIS). Let h ∈ L2(π). As N →∞,

√
N
(
IRS
π,N (h)− Eπ[h]

) D−−→ N (0, G2
RS), (2.4)

√
N
(
IAIS
π,N (h)− Eπ[h]

) D−−→ N (0, G2
IS), (2.5)

6



where

G2
RS = M

∫
Rd

π(x)
∣∣h(x)− Eπ[h]

∣∣2 dx, (2.6)

G2
IS =

∫
Rd

π(x)2

g(x)

∣∣h(x)− Eπ[h]
∣∣2 dx. (2.7)

Remark 2.6. The factor M in G2
RS is the price of rejection: only a fraction 1/M of

proposals contribute, inflating the variance by M .

Proposition 2.7 (Importance beats rejection). G2
IS ≤ G2

RS.

See Exercise 1(c) for the proof via Cauchy–Schwarz.

2.5 Non-Asymptotic Bound and the Role of χ2

The CLT describes large-N fluctuations but does not say how large N must be. The
following finite-N bound makes the dependence on N explicit and non-asymptotic.

Theorem 2.8 (Non-asymptotic MSE bound). For ∥h∥∞ ≤ 1,

E
[(
IAIS
π,N (h)− Eπ[h]

)2] ≤ 4

N

(
χ2(π ∥ g) + 1

)
, (2.8)

where χ2(π ∥ g) =
∫
π(x)2/g(x) dx− 1.

To achieve MSE ≤ ε2, one needs N ≳ (χ2(π ∥ g)+1)/ε2. Since G2
IS ≤ 4(χ2(π ∥ g)+1) for

∥h∥∞ ≤ 1, the χ2-divergence controls both the asymptotic and non-asymptotic efficiency
of AIS. See the next section for more definitions and discussions of χ2 and KL.

2.6 The Curse of Dimensionality

Example 2.9 (Product measures). Let π = π⊗d1 , g = g⊗d1 , M1 = supx∈R π1(x)/g1(x),
c1 = χ2(π1 ∥ g1). Then

sup
x∈Rd

π(x)

g(x)
= Md

1 , χ2(π ∥ g) = (1 + c1)
d − 1.

Both grow exponentially in d: RS needs Md
1 proposals per accepted sample, and AIS

needs N ∼ (1 + c1)
d/ε2 samples to achieve MSE ≤ ε2.

Example 2.10 (Shifted Gaussians). Let π = N (m1, Id), g = N (m2, Id). Completing
the square gives

χ2(π ∥ g) = e∥m1−m2∥2 − 1, DKL(π ∥ g) = 1
2∥m1 −m2∥2.

For m1 −m2 = (1, . . . , 1)⊤ so ∥m1 −m2∥2 = d: AIS requires N ∼ ed/ε2 samples, even
though DKL(π ∥ g) = d/2 grows only linearly.

The χ2-divergence, not KL, is the correct measure of IS difficulty: a proposal “close” to
π in KL may have exponentially large χ2, rendering IS completely impractical.
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The fundamental obstacle. Both RS and IS use a static proposal: independent
draws from g are accepted or reweighted. There is no mechanism to move bad proposals
toward π. This motivates dynamical approaches, where a distribution ρt evolves from
an easy ρ0 toward π via an ODE or SDE:

dXt = bt(Xt) dt (deterministic flow), (2.9)
dXt = bt(Xt) dt+ σt dWt (stochastic flow). (2.10)

The rest of the course constructs and analyzes such dynamics for high-dimensional sam-
pling and generative modeling.
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3 Probability Divergences

3.1 f-Divergences

Having seen that χ2(π ∥ g) governs IS efficiency, we place it in the broader framework of
f -divergences that can be used to measure dissimilarity between two measures.

Definition 3.1 (f -divergence). Let f : (0,∞) → R be convex with f(1) = 0. The
f -divergence between P ≪ Q with densities p, q on Rd is

Df (P ∥Q) =

∫
Rd

f

(
p(x)

q(x)

)
q(x) dx = EQ

[
f

(
p(Y )

q(Y )

)]
. (3.1)

If P ̸≪ Q, set Df (P ∥Q) = +∞.

Proposition 3.2 (Basic properties). (i) Non-negativity: Df (P ∥Q) ≥ 0.

(ii) Definiteness: if f is strictly convex at 1, then Df (P ∥Q) = 0 ⇐⇒ P = Q.
Both follow from Jensen: Df (P ∥Q) ≥ f(EQ[p/q]) = f(1) = 0.

3.2 Special Cases

f(t) Name Formula

t log t KL divergence DKL(P ∥Q)

∫
p log

p

q
dx

− log t Reverse KL DKL(Q ∥P )

∫
q log

q

p
dx

(t− 1)2 χ2-divergence χ2(P ∥Q)

∫
(p− q)2

q
dx =

∫
p2

q
dx− 1

1
2 |t− 1| Total variation DTV(P, Q) 1

2

∫
|p− q| dx

3.3 Comparison and High-Dimensional Behavior

Proposition 3.3 (Ordering). For any P ≪ Q,

4DTV(P, Q)2 ≤ DKL(P ∥Q) ≤ log
(
1 + χ2(P ∥Q)

)
≤ χ2(P ∥Q) . (3.2)

The first inequality is Pinsker’s. The second follows from the log-sum inequality (Exer-
cise 4(d)). The third uses log(1 + t) ≤ t. In particular, χ2 is strictly stronger than KL,
which is stronger than TV.

For product measures π = π⊗d1 , g = g⊗d1 :

DKL(π ∥ g) = d·DKL(π1 ∥ g1) (linear), χ2(π ∥ g) = (1+χ2(π1 ∥ g1))d−1 (exponential).

For shifted Gaussians with ∥m1 −m2∥2 = d:

DTV(π, g) = O(1), DKL(π ∥ g) = d
2 , χ2(π ∥ g) = ed − 1.

TV and KL give a benign picture; χ2 reveals the true exponential difficulty for IS.
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3.4 Preview: Density Evolution under ODE/SDE Dynamics

Returning to the dynamical approach (2.9)–(2.10), a key question is: how does the
density ρt of Xt evolve?

Theorem 3.4 (Continuity and Fokker–Planck equations). Let ρt denote the density of
Xt.

(i) ODE dXt = bt(Xt) dt: ρt satisfies the continuity equation

∂tρt +∇ · (ρt bt) = 0. (3.3)

(ii) SDE dXt = bt(Xt) dt+ σt dWt: ρt satisfies the Fokker–Planck equation

∂tρt +∇ · (ρt bt) = 1
2σ

2
t ∆ρt. (3.4)

Proof sketch of (i). For ϕ ∈ C∞c (Rd),∫
ϕ∂tρt dx = d

dtE[ϕ(Xt)] = E[∇ϕ(Xt) · bt(Xt)]

=

∫
∇ϕ · bt ρt dx = −

∫
ϕ∇ · (ρtbt) dx.

Since ϕ is arbitrary, ∂tρt = −∇ · (ρtbt).

Remark 3.5. Equation (3.3) expresses conservation of mass: ρt is transported by bt with
no creation or destruction. Equation (3.4) adds diffusion σ2

t
2 ∆ρt from the Brownian

noise.

The rest of the course constructs bt, σt so that ρt → π efficiently in high dimensions.
We will discuss how these lead to dynamical algorithms and how these algorithms achieve
accuracy in some f -divergence with certain complexity depending on dimensions.
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Week 1 Exercises

1. (CLT for RS and AIS.) Prove Theorem 2.5 by the following steps.

(a) Write IRS
π,N (h) = AN/BN where

AN =
1

N

N∑
i=1

1{Ui ≤ ri}h(Yi), BN =
1

N

N∑
i=1

1{Ui ≤ ri}.

Verify the summands are i.i.d. under g. Compute E[AN ], E[BN ], and the 2× 2
covariance matrix Σ of (AN , BN ). Apply the multivariate CLT and the delta
method with φ(a, b) = a/b to derive G2

RS in (2.6).

(b) Repeat for IAIS
π,N (h): identify the i.i.d. summands, compute their joint covariance,

and apply the delta method to derive G2
IS in (2.7).

(c) Prove G2
IS ≤ G2

RS using Cauchy–Schwarz. Characterize when equality holds.

2. (Non-asymptotic bound for AIS.) Prove Theorem 2.8: for ∥h∥∞ ≤ 1,

E
[(
IAIS
π,N (h)− Eπ[h]

)2] ≤ 4

N

(
χ2(π ∥ g) + 1

)
.

Hint. Write IAIS
π,N (h) = ÃN/B̃N and note IAIS

π,N (h)− Eπ[h] = (ÃN − Eπ[h] · B̃N )/B̃N .
Argue B̃N > 0 a.s., bound the numerator’s second moment using ∥h∥∞ ≤ 1, and
show Eg[w̃

2
i ]/Z

2 = χ2(π ∥ g) + 1. See [61].

3. (χ2-divergence in high dimensions.)

(a) Let π = π⊗d1 and g = g⊗d1 . Show χ2(π ∥ g) = (1 + χ2(π1 ∥ g1))d − 1. Hint. Use∫
p⊗d1 (x)2/g⊗d1 (x) dx = (

∫
p21/g1 dx1)

d. Conclude χ2 is exponential in d while
DKL(π ∥ g) = d ·DKL(π1 ∥ g1) is linear.

(b) Let π = N (m1, Id) and g = N (m2, Id). By completing the square, show
χ2(π ∥ g) = e∥m1−m2∥2 − 1. For m1 −m2 = (1, . . . , 1)⊤, how many AIS samples
are needed to achieve MSE ≤ ε2?

(c) For the same Gaussian pair, compute DKL(π ∥ g) and DTV(π, g) as functions
of δ = ∥m1 −m2∥. For δ2 = d, compare all three divergences as d → ∞ and
explain why DKL(π ∥ g) = O(d) is misleadingly optimistic about IS difficulty.

4. (f-divergence properties.)

(a) Prove Df (P ∥Q) ≥ 0 using Jensen’s inequality. State precisely where convexity
and f(1) = 0 are used.
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(b) Prove that if f is strictly convex at 1, then Df (P ∥Q) = 0 =⇒ P = Q as
measures.

(c) Verify each row of the table in Section 3 by substituting the given f into Theo-
rem 3.1.

(d) Prove DKL(P ∥Q) ≤ log(1 + χ2(P ∥Q)). Hint. Write p/q = 1 + (p − q)/q and
use log t ≤ t− 1. Deduce DKL(P ∥Q) ≤ χ2(P ∥Q).

5. (Optimal IS proposal.) Fix target π and h with Eπ[h] = µh.

(a) Show G2
IS is minimized over densities g with supp(π) ⊆ supp(g) by g∗(x) ∝

π(x)|h(x)−µh|. Hint. Apply Cauchy–Schwarz:
∫ (π|h−µh|)2

g dx·
∫
g dx ≥ (

∫
π|h−

µh| dx)2.

(b) Compute G2
IS(g

∗) in closed form.

(c) Explain why g∗ is not directly usable in practice.

(d) When h ≥ 0, find a proposal g† achieving G2
IS(g

†) = 0. Why is g† also imprac-
tical?

6. (Continuity and Fokker–Planck equations.)

(a) Give a careful proof of Theorem 3.4(i) using a test function ϕ ∈ C∞c (Rd) and
integration by parts. State which property each step uses.

(b) Show that a stationary density ρ∞ of (3.3) satisfies ∇ · (ρ∞b) = 0. Can we find
a nontrivial drift b such that π ∝ e−V is stationary?

(c) Prove (3.4) using Itô’s formula: dϕ(Xt) = ∇ϕ · bt dt+ σ2
t
2 ∆ϕdt+ σt∇ϕ · dWt.

(d) Verify that for the overdamped Langevin SDE dXt = −∇V (Xt) dt +
√
2 dWt,

the stationary distribution of (3.4) is π ∝ e−V .
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4 Langevin Dynamics

4.1 The Overdamped Langevin SDE

Recall the fundamental question: given query access to ∇V , how do we construct a drift
bt and noise level σt in (2.10) so that ρt → π ∝ e−V ?

Intuition from optimization. If we simply want to find the mode x∗ = argminV ,
we run gradient descent ẋt = −∇V (xt), which drives xt → x∗ exponentially fast under
strong convexity. But sampling from π requires exploring the entire distribution, not
just its peak. The overdamped Langevin SDE adds Brownian noise to gradient descent:

dXt = −∇V (Xt) dt+
√
2 dWt. (4.1)

The drift −∇V pushes Xt toward regions of high probability, while the noise
√
2 dWt

prevents collapse and drives exploration. The factor
√
2 is chosen so that π ∝ e−V is

exactly stationary, as we now verify.

4.2 Fokker–Planck Equation and Stationarity

Derivation of the Fokker–Planck equation. Let ρt denote the density of Xt under
(4.1). For any test function ϕ ∈ C∞c (Rd), we compute d

dtE[ϕ(Xt)] in two ways.
On one hand, differentiating under the integral:

d

dt
E[ϕ(Xt)] =

∫
ϕ(x) ∂tρt(x) dx.

On the other hand, Itô’s formula applied to (4.1) gives

dϕ(Xt) = ∇ϕ(Xt) · (−∇V (Xt)) dt+∆ϕ(Xt) dt︸ ︷︷ ︸
bounded variation

+
√
2∇ϕ(Xt) · dWt︸ ︷︷ ︸

martingale

.

Taking expectations, the martingale term vanishes, so

d

dt
E[ϕ(Xt)] =

∫ (
−∇ϕ · ∇V +∆ϕ

)
ρt dx.

Integrating by parts (boundary terms vanish since ϕ ∈ C∞c ):∫
(−∇ϕ · ∇V ) ρt dx =

∫
ϕ∇ · (ρt∇V ) dx,

∫
∆ϕ ρt dx =

∫
ϕ∆ρt dx.

Since ϕ is arbitrary, equating the two expressions gives the Fokker–Planck equation for
Langevin dynamics:

∂tρt = ∇ · (ρt∇V ) + ∆ρt. (4.2)

13



Compact form via the score. Using the score trick ∆ρ = ∇· (∇ρ) = ∇· (ρ∇ log ρ),
equation (4.2) becomes

∂tρt = ∇ ·
(
ρt (∇V +∇ log ρt)

)
= ∇ ·

(
ρt∇ log

ρt
π

)
, (4.3)

where the last step uses ∇V +∇ log ρt = −∇ log π +∇ log ρt = ∇ log(ρt/π). This form
immediately shows that ρt = π is a stationary solution (the right-hand side vanishes),
and that the dynamics transports mass along −∇ log(ρt/π), pushing ρt toward π.

Proposition 4.1 (Stationarity of π). π ∝ e−V is a stationary solution of (4.2). Equiv-
alently, if X0 ∼ π then Xt ∼ π for all t ≥ 0.

Remark 4.2. The compact form (4.3) reveals that Langevin dynamics is a gradient flow
of DKL(ρt ∥π) in the space of probability measures equipped with the Wasserstein-2
metric (Jordan–Kinderlehrer–Otto, 1998) [41]. We will revisit this perspective when
studying variational inference.

4.3 Mixing Time and the Wasserstein Metric

We now ask: starting from ρ0 ̸= π, how quickly does ρt → π? To measure convergence
we use the Wasserstein-2 metric, which is well-suited to the coupling arguments below
and connects naturally to optimal transport.

Definition 4.3 (Wasserstein-2 metric). For probability measures µ, ν on Rd,

W2(µ, ν) =

(
inf

γ∈Γ(µ,ν)

∫
∥x− y∥22 dγ(x, y)

)1/2

= inf
X∼µ, Y∼ν

(
E∥X − Y ∥22

)1/2
, (4.4)

where Γ(µ, ν) denotes all couplings of µ and ν. The minimizing coupling is the optimal
transport plan.

Example 4.4. W2(δx, δy) = ∥x−y∥2. For shifted Gaussians, W2(N (m1, Id),N (m2, Id)) =
∥m1 −m2∥2, growing like

√
d for typical shifts, whereas DKL(N (m1, Id) ∥N (m2, Id)) =

1
2∥m1 −m2∥2 grows like d.

The mixing time to tolerance ε in metric D is

tDmix(ε; ρ0) = inf
{
t ≥ 0 : D(ρt, π) ≤ ε

}
. (4.5)

4.4 Convergence under Strong Convexity

Definition 4.5 (Strong convexity). V ∈ C2(Rd) is α-strongly convex if ∇2V (x) ⪰ αId
for all x ∈ Rd.

14



Intuition from optimization. When V is α-strongly convex, the gradient flow ODE
ẋt = −∇V (xt) satisfies

d

dt
∥xt − x∗∥22 = 2(xt − x∗) · (−∇V (xt)) ≤ −2α∥xt − x∗∥22,

using (x − y) · (∇V (x) − ∇V (y)) ≥ α∥x − y∥22 and ∇V (x∗) = 0, giving ∥xt − x∗∥2 ≤
e−αt∥x0 − x∗∥2. The Langevin SDE extends this contraction to the level of probability
distributions via a synchronous coupling : run two copies of (4.1) with the same Brownian
motion so that their noise cancels, reducing the problem to the deterministic ODE
argument above.

Theorem 4.6 (W2 contraction for Langevin). Assume V is α-strongly convex. Let ρt
be the law of Xt solving (4.1) with X0 ∼ ρ0. Then

W2(ρt, π) ≤ e−αtW2(ρ0, π). (4.6)

Proof. Run two copies of (4.1) with the same Wt: X0 ∼ ρ0 and Y0 ∼ π, so Yt ∼ π for all
t by stationarity. Since both processes share the same noise, the difference Zt = Xt−Yt
satisfies the deterministic ODE

Żt = −∇V (Xt) +∇V (Yt).

Then d
dt∥Zt∥22 = 2(Xt − Yt) · (−∇V (Xt) +∇V (Yt)) ≤ −2α∥Zt∥22 by strong convexity, so

Gronwall gives E∥Xt − Yt∥22 ≤ e−2αtE∥X0 − Y0∥22. Optimizing over the initial coupling
(X0, Y0) with X0 ∼ ρ0, Y0 ∼ π yields (4.6).

4.5 Initialization and Dimension Dependence

From (4.6), W2(ρt, π) ≤ ε after t ≥ 1
α log W2(ρ0,π)

ε . It remains to bound W2(ρ0, π) for a
concrete initialization. For α-strongly convex V , a natural choice is ρ0 = δx∗ .

Lemma 4.7 (Stein’s identity). For X ∼ π ∝ e−V and smooth f : Rd → Rd,

Eπ[−∇V (X) · f(X)] = −Eπ[∇ · f(X)]. (4.7)

Proof. Integration by parts:
∫
(−∇V ) · f π dx =

∫
∇ log π · f π dx =

∫
∇π · f dx =

−
∫
π∇ · f dx.

Proposition 4.8 (Initial distance from the mode). If V is α-strongly convex, then

W 2
2 (δx∗ , π) ≤ Eπ[∥X − x∗∥22] ≤

d

α
.

Proof. The first inequality uses (x∗, X) with X ∼ π as a coupling. For the second,
apply (4.7) with f(x) = x − x∗ (so ∇ · f = d): Eπ[−∇V (X) · (X − x∗)] = −d. Since
∇V (x∗) = 0, strong convexity gives (∇V (X) − ∇V (x∗)) · (X − x∗) ≥ α∥X − x∗∥22, so
αEπ∥X − x∗∥22 ≤ d.
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Corollary 4.9 (Mixing time from mode initialization). Under α-strong convexity, start-
ing from ρ0 = δx∗ ,

tW2
mix(ε; δx∗) ≤ 1

α
log

√
d/α

ε
.

Remark 4.10 (Continuous time is not an algorithm). The mixing time in Theorem 4.9
is for the continuous-time SDE (4.1), which requires simulating the stochastic process
exactly and is not directly implementable. In practice one must discretize (4.1) in time
with step size h > 0, yielding the Unadjusted Langevin Algorithm (ULA):

Xk+1 = Xk − h∇V (Xk) +
√
2h ξk, ξk

i.i.d.∼ N (0, Id).

The true measure of algorithmic complexity is therefore the number of gradient evalu-
ations k needed to reach W2(law(Xk), π) ≤ ε. This discrete-time analysis, which gives
a practically meaningful complexity bound, is the subject of the next lecture. But just
from the structure of the bound, the complexity will not scale with dimension exponen-
tially, when the target distribution is strongly log-concave, i.e., V is strongly convex.
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5 Langevin Monte Carlo

5.1 From Continuous Time to Algorithms

The continuous-time Langevin SDE (4.1) establishes that ρt → π exponentially fast, but
it is not directly implementable. The standard discretization with step size h > 0 gives
the Unadjusted Langevin Algorithm (ULA):

X(k+1)h = Xkh − h∇V (Xkh) +
√
2h ξk, ξk

i.i.d.∼ N (0, Id), (5.1)

where
√
2h ξk =

√
2(W(k+1)h − Wkh) is the discretized Brownian increment. Denote

ρkh = law(Xkh).
Before analyzing ULA, we first revisit the simpler discrete-time setting of optimiza-

tion, which provides the key structural insight.

5.2 Warm-up: Gradient Descent for Optimization

Under the assumption αI ⪯ ∇2V ⪯ βI, consider gradient descent (GD):

X(k+1)h = Xkh − h∇V (Xkh). (5.2)

To analyze convergence, write

∇V (Xkh)−∇V (x∗) =

(∫ 1

0
∇2V (sXkh + (1− s)x∗) ds

)
︸ ︷︷ ︸

=:Hk

(Xkh − x∗),

where Hk satisfies αI ⪯ Hk ⪯ βI. Since ∇V (x∗) = 0, we have ∇V (Xkh) = Hk(Xkh −
x∗), so

X(k+1)h − x∗ = (I − hHk)(Xkh − x∗).

For h ≤ 1/β, ∥I − hHk∥2 ≤ 1− hα ≤ e−hα, giving

∥Xkh − x∗∥2 ≤ e−khα∥X0 − x∗∥2. (5.3)

To reach ∥Xkh − x∗∥2 ≤ ε, it suffices to take k ≥ 1
hα log ∥X0−x∗∥2

ε , which for h = 1/β

gives O
(
β
α log ∥X0−x∗∥2

ε

)
iterations. Here κ = β/α is called the condition number.

5.3 ULA: Main Theorem

We now state the main convergence result for ULA. Throughout, we assume αI ⪯
∇2V ⪯ βI with α, β > 0, so π ∝ e−V is strongly log-concave.

Theorem 5.1 (ULA convergence). Under αI ⪯ ∇2V ⪯ βI, for step size h ≤ 1/β, the
ULA iterates satisfy

W2(ρkh, π) ≤ e−khαW2(ρ0, π) +O

(
β

α

√
hd

)
. (5.4)
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The bound (5.4) has two terms: an exponentially decaying contraction term (inherited
from the continuous-time analysis), and a discretization bias term O(βα

√
hd) that is

independent of k and persists even as k → ∞. This confirms that ULA does not
converge exactly to π, but to a neighborhood of size O(βα

√
hd) in W2.

5.4 Proof of Theorem 5.1

Proof. The proof proceeds by introducing a “true” (continuous-time) reference process
Yt, then splitting the error at each step into a contraction term and a discretization error
via the triangle inequality.

Reference process. For t ∈ [kh, (k + 1)h], define Yt as the solution to the Langevin
SDE (4.1) on this interval, sharing the same Brownian motion as ULA:

dYt = −∇V (Yt) dt+
√
2 dWt, kh ≤ t ≤ (k + 1)h, (5.5)

initialized so that (Xkh, Ykh) is the optimal coupling of (ρkh, π):

W2(ρkh, π) =
(
E∥Xkh − Ykh∥22

)1/2
.

Since π is stationary for (5.5), Yt ∼ π for all t, and in particular Y(k+1)h ∼ π.

Triangle inequality decomposition. Writing Y(k+1)h explicitly:

Y(k+1)h = Ykh −
∫ (k+1)h

kh
∇V (Yt) dt+

√
2(W(k+1)h −Wkh).

Since X(k+1)h and Y(k+1)h share the same Brownian motion,

W2(ρ(k+1)h, π) ≤
(
E∥X(k+1)h − Y(k+1)h∥22

)1/2
=
(
E
∥∥∥Xkh − h∇V (Xkh)− Ykh + h∇V (Ykh)︸ ︷︷ ︸

1○

−
∫ (k+1)h

kh

(
∇V (Yt)−∇V (Ykh)

)
dt︸ ︷︷ ︸

2○

∥∥∥2
2

)1/2
.

By the triangle inequality:

W2(ρ(k+1)h, π) ≤
(
E∥ 1○∥22

)1/2︸ ︷︷ ︸
GD-like term

+
(
E∥ 2○∥22

)1/2︸ ︷︷ ︸
discretization error

. (5.6)

Term 1○: GD-like contraction. By the same linearization as in (5.3), 1○ = (I −
hHk)(Xkh − Ykh) where Hk =

∫ 1
0 ∇

2V (sXkh + (1 − s)Ykh) ds satisfies αI ⪯ Hk ⪯ βI.
For h ≤ 1/β, ∥I − hHk∥2 ≤ e−hα, so(

E∥ 1○∥22
)1/2 ≤ e−hαW2(ρkh, π). (5.7)
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Term 2○: discretization error. We first bound the expected squared gradient norm.

Lemma 5.2 (Expected squared gradient norm). For Y ∼ π ∝ e−V with αI ⪯ ∇2V ⪯
βI,

Eπ∥∇V (Y )∥22 ≤ βd.

Proof. Apply Stein’s identity (4.7) with f(y) = ∇V (y) (so ∇ · f = ∆V ):

−Eπ[∇V (Y ) · ∇V (Y )] = −Eπ[∆V (Y )],

giving Eπ∥∇V (Y )∥22 = Eπ[∆V (Y )]. Since ∇2V ⪯ βI, ∆V (y) = tr(∇2V (y)) ≤ βd, so
Eπ∥∇V (Y )∥22 ≤ βd.

Lemma 5.3 (Discretization error). Under αI ⪯ ∇2V ⪯ βI and h ≤ 1/β,(
E∥ 2○∥22

)1/2
= O

(
β
√
h3d
)
.

Proof. We have 2○ =
∫ (k+1)h
kh

(
∇V (Yt)−∇V (Ykh)

)
dt. By Cauchy–Schwarz in time and

∥∇2V ∥2 ≤ β:

E∥ 2○∥22 ≤ hβ2

∫ (k+1)h

kh
E∥Yt − Ykh∥22 dt.

Writing Yt−Ykh = −
∫ t
kh∇V (Ys) ds+

√
2(Wt−Wkh) and applying (a+ b)2 ≤ 2a2+2b2:

E∥Yt − Ykh∥22 ≤ 2E
∥∥∥∫ t

kh
∇V (Ys) ds

∥∥∥2
2
+ 4(t− kh)d.

By Cauchy–Schwarz in time and Theorem 5.2: E∥
∫ t
kh∇V (Ys) ds∥22 ≤ h2βd. Therefore

E∥Yt − Ykh∥22 ≤ 6hd for h ≤ 1/β, giving E∥ 2○∥22 ≤ 6h3β2d.

Combining the bounds. Substituting (5.7) and Lemma 5.3 into (5.6) and unrolling
over k steps, using 1− e−hα ≥ hα/2 to sum the geometric series:

W2(ρkh, π) ≤ e−khαW2(ρ0, π) +O

(
β

α

√
hd

)
. (5.8)

5.5 Algorithmic Complexity

To reach W2(ρkh, π) ≤ ε, it suffices to require simultaneously that the contraction term
satisfies e−khαW2(ρ0, π) ≤ ε/2 and the bias term satisfies O(βα

√
hd) ≤ ε/2.

Corollary 5.4 (Iteration complexity of ULA). Under αI ⪯ ∇2V ⪯ βI, initialize at
ρ0 = δx∗ so that W2(ρ0, π) ≤

√
d/α. Choose step size h ≍ α2ε2/(β2d). Then to achieve

W2(ρkh, π) ≤ ε, the required number of gradient evaluations is

k = O

(
κ2d

ε2
log

√
d/α

ε

)
, (5.9)
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where κ = β/α is the condition number. For fixed ε and α, the dimension dependence
is O(d log d).

Proof. With h ≍ α2ε2/(β2d), the bias satisfies β
α

√
hd ≍ ε. The contraction condition

e−khαW2(ρ0, π) ≤ ε/2 then requires k ≥ 1
hα log W2(ρ0,π)

ε ≍ κ2d
ε2

log

√
d/α

ε .

Remark 5.5 (Dimensional scaling and references). The O(d log d) iteration complexity is
a significant improvement over the exponential complexity of IS and RS. Other results
measuring convergence in KL or χ2 are given in Chewi’s book [22]. The dimensional
dependence can be improved to Õ(

√
d) by more refined analysis and assumptions; see

Li–Zha–Tao (2022) [47]. We also note a dimension-free result if the quantity of interest
only depends on low-dimensional coordinates [18].
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Week 2 Exercises

1. (Gaussian target: explicit computations.) Throughout, let π = N (0,Σ) with
Σ ≻ 0, so V (x) = 1

2x
⊤Σ−1x and ∇V (x) = Σ−1x.

(a) (Continuous-time Langevin.) Show that the Langevin SDE (4.1) becomes the
Ornstein–Uhlenbeck (OU) process dXt = −Σ−1Xt dt+

√
2 dWt. If X0 ∼ N (m0, S0),

show that Xt ∼ N (mt, St) for all t ≥ 0, where

mt = e−Σ
−1tm0, St = e−Σ

−1tS0 e
−Σ−1t +Σ

(
I − e−2Σ

−1t
)
.

Verify that mt → 0 and St → Σ as t→∞.

(b) (Explicit W2 convergence.) For two Gaussians, W 2
2

(
N (µ1,Σ1),N (µ2,Σ2)

)
=

∥µ1 − µ2∥22 + ∥Σ
1/2
1 − Σ

1/2
2 ∥2F . Work in the eigenbasis of Σ = diag(λ1, . . . , λd)

with 0 < λ1 ≤ · · · ≤ λd, and assume S0 is diagonal with entries s1, . . . , sd > 0.
(i) Show ∥mt∥22 =

∑d
i=1 e

−2t/λim2
0,i, decaying at rate 2/λd = 2λmin(Σ

−1).
(ii) Show St,ii = e−2t/λisi + λi(1− e−2t/λi), and for large t,√

St,ii −
√

λi ≈
si − λi

2
√
λi

e−2t/λi ,

so ∥S1/2
t − Σ1/2∥2F decays at rate 4/λd.

(iii) Conclude W2(ρt, π) ≤ C e−αt where α = 1/λd = λmin(Σ
−1), confirming

Theorem 4.6.
Remark : in the non-diagonal case the dominant decay rate e−αt persists, but
the formula for ∥S1/2

t − Σ1/2∥2F is more involved.

(c) (ULA stationary distribution.) Specialize to Σ = Id (α = β = 1). For ULA with
step size h > 0, X(k+1)h = (1−h)Xkh+

√
2h ξk, show that Xkh ∼ N (0, Skh) with

Skh → S∞ = 2
2−hId as k →∞. Hence ULA has a biased stationary distribution

πh = N
(
0, 2

2−hId

)
̸= π.

(d) (Bias and optimal step size.) Show that

W2(πh, π) =
√
d

∣∣∣∣∣
√

2

2− h
− 1

∣∣∣∣∣ ≍
√
d

4
h as h→ 0.

Conclude that h ≍ ε/
√
d suffices to achieve bias ≤ ε. Compare to the general

bound h ≍ ε2/(β2d) from Theorem 5.4 (with β = 1) and explain the improve-
ment.

2. (Convergence under convexity without strong convexity.) Assume V ∈
C2(Rd) is convex (∇2V ⪰ 0) with minimizer x∗ = argminV , but not α-strongly
convex. Recall the gradient inequality

V (y) ≥ V (x) +∇V (x) · (y − x) for all x, y ∈ Rd. (5.10)
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(a) (Gradient flow: O(1/T ) rate.) Consider ẋt = −∇V (xt).

(i) Show d
dtV (xt) = −∥∇V (xt)∥22 ≤ 0.

(ii) Using (5.10) with y = x∗, show V (xt)− V (x∗) ≤ −1
2

d
dt∥xt − x∗∥22.

(iii) Integrate and use monotonicity of V (xt) to deduce

V (xT )− V (x∗) ≤ ∥x0 − x∗∥22
2T

.

(b) (Discrete GD: O(1/K) rate.) Consider GD (5.2) with h ≤ 1/β.

(i) Using the descent lemma, show V (X(k+1)h) − V (Xkh) ≤ −h
2∥∇V (Xkh)∥22,

so V (Xkh) is monotone decreasing.
(ii) Using (5.10), show V (Xkh)− V (x∗) ≤ 1

2h

(
∥Xkh − x∗∥22 −∥X(k+1)h − x∗∥22

)
.

Sum over k = 0, . . . ,K − 1, use telescoping and monotone decrease of
V (Xkh) to obtain

V (XKh)− V (x∗) ≤ ∥X0 − x∗∥22
2Kh

.

This O(1/K) bound holds for the last iterate XKh.

(c) (Extension to the Langevin setting.) Optional. This relies on the interpretation
that Langevin can be viewed as a gradient flow of KL under the Wasserstein
geometry which we haven’t discussed in the lecture.

(i) (KL decay identity.) Let I(ρ∥π) =
∫
∥∇ log(ρ/π)∥22 ρ dx be the relative

Fisher information. Using (4.3), prove

d

dt
DKL(ρt ∥π) = −I(ρt∥π).

This is the exact analogue of d
dtV (xt) = −∥∇V (xt)∥22 from (a)(i).

(ii) (O(1/T ) convergence via the HWI inequality.) Under convexity of V , the
HWI inequality (Otto–Villani) states DKL(ρ ∥π) ≤W2(ρ, π)

√
I(ρ∥π). Use

the following steps to deduce DKL(ρT ∥π) ≤W2(ρ0, π)
2/T :

– Use the synchronous coupling with α = 0 to show W2(ρt, π) ≤W2(ρ0, π) =:
C for all t ≥ 0.

– Let f(t) = DKL(ρt ∥π). Apply HWI to get f(t) ≤ C
√
I(ρt∥π), hence

I(ρt∥π) ≥ f(t)2/C2 (squaring and rearranging). Combined with (i):
−f ′(t) ≥ f(t)2/C2.

– Rewrite as d
dt(1/f(t)) ≥ 1/C2, integrate from 0 to T , and conclude

DKL(ρT ∥π) ≤W2(ρ0, π)
2/T .

Compare with (a)(iii): the arguments are structurally identical, with (V −
V ∗, ∥∇V ∥2, ∥x− x∗∥) replaced by (DKL(ρ ∥π) , I, W2).
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6 Score-Based Diffusion Models

6.1 Motivation and Setting

The setting of this section differs from the previous ones. We do not have access to
a model V for the target π, but instead have data X(1), . . . , X(N) ∼ π and wish to
generate new samples from π. This is the generative modeling problem.

Popular approaches all try to find a transport from a simple reference γ = N (0, Id) to
the target π: variational autoencoders (VAE), generative adversarial networks (GAN),
normalizing flows (NF), and diffusion models (DM). This section focuses on score based
diffusion models, which approach this through a learned stochastic dynamics involving
scores.

Recall from Section 4 that Langevin dynamics can be written as

dXt = ∇ log π(Xt) dt+
√
2 dWt,

so if we can learn the score ∇ log π from data, we can sample by running Langevin.

6.2 Score Matching

Warm-up: learning the score from data. Given a neural network s(·, θ), we wish
to find θ so that s(x, θ) ≈ ∇ log π(x). The natural loss is

L(θ) =

∫
∥s(x, θ)−∇ log π(x)∥22 π(x) dx,

but this requires knowing ∇ log π, which is unavailable. Integration by parts transforms
this into a tractable form.

Proposition 6.1 (Score matching identity). Up to a constant C independent of θ,

L(θ) = Eπ

[
∥s(X, θ)∥22 + 2∇ · s(X, θ)

]
+ C. (6.1)

Proof. Expand ∥s−∇ log π∥2 = ∥s∥2−2s·∇ log π+∥∇ log π∥2. The last term is constant
in θ. For the cross term,∫

−2s(x, θ) · ∇ log π(x)π(x) dx = −2
∫

s(x, θ) · ∇π(x) dx

= 2

∫
(∇ · s(x, θ))π(x) dx,

where the last step is integration by parts (boundary terms vanish). Adding Eπ[∥s∥2]
gives (6.1).

The loss (6.1) depends only on expectations under π, so it can be empiricalized using
data and minimized with stochastic optimization algorithms such as SGD/ADAM.
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Issues. Plain score matching has two significant drawbacks:

1○ The divergence term ∇·s(X, θ) is expensive to evaluate for high-dimensional neural
networks. (Variants such as sliced score matching reduce this cost.)

2○ The loss only guarantees L2(π)-accuracy : since it averages against π, the score
estimate may be inaccurate in low-probability regions where π(x) is small. This
is problematic.

Moreover, even with the exact score, running Langevin to sample from a multi-
modal π (π ∝ e−V with non-convex V ) can be very slow: the chain must traverse
low-probability barriers between modes.

6.3 Multiscale Approach and the Noising Process

A simple trick: add noise. To address issue 2○, replace π by the smoothed target
π ∗ N (0, σ2I). Adding noise to data yields samples from this smoothed distribution.
One then:

• estimates the score of π ∗ N (0, σ2I) first (more well-behaved globally, as the low-
probability region is smoothed and becomes less low-probability);

• runs Langevin with the learned score to get approximate samples, then refines
using the original score. One can imagine the convergence will be faster using this
annealing strategy.

This multiscale idea is the intuitive foundation of score based diffusion models [66, 67].

The OU noising process (Variance Preserving design). Rather than a single
noise level, we consider a continuous-time noising process. The standard choice is the
Ornstein–Uhlenbeck (OU) process:

dXt = −Xt dt+
√
2 dWt, X0 ∼ π, (6.2)

which is Langevin dynamics (4.1) with V (x) = 1
2∥x∥

2, so N (0, Id) is stationary. As
t→∞, the distribution of Xt converges to N (0, Id) regardless of X0.

Proposition 6.2 (Marginal of the OU process). Let X0 ∼ π and Z ∼ N (0, Id) be
independent. Then

Xt
d
= e−tX0 +

√
1− e−2t Z ∼ N

(
e−tX0, (1− e−2t)Id

)
given X0. (6.3)

In particular, the conditional distribution is pt(· | x0) = N (e−tx0, (1− e−2t)Id).

Proof. Apply Itô’s formula to etXt:

d(etXt) = etXt dt+ et dXt = etXt dt+ et(−Xt dt+
√
2 dWt) =

√
2 et dWt.

Integrating from 0 to t: etXt −X0 =
∫ t
0

√
2 es dWs ∼ N

(
0, 2

∫ t
0 e

2s ds
)
= N (0, e2t − 1).

Therefore Xt
d
= e−tX0 +

√
1− e−2t Z.
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6.4 Time Reversal and the Reverse SDE

The key idea. If we can reverse the noising process (6.2), we can generate samples
using it. The following theorem identifies the reverse dynamics.

Theorem 6.3 (Time reversal [5], Anderson 1982). Let Xt solve (6.2) for t ∈ [0, T ] with
X0 ∼ π, and let pt denote the density of Xt. Define the time-reversal Yt := XT−t for
t ∈ [0, T ]. Then Yt solves the reverse SDE

dYt =
(
Yt + 2∇ log pT−t(Yt)

)
dt+

√
2 dWt, (6.4)

where Wt is a Brownian motion.

Heuristic demonstration via Fokker–Planck. Let qt(x) = pT−t(x) be the density of Yt.
The OU process (6.2) satisfies the Fokker–Planck equation

∂tpt = ∇ · (pt x) + ∆pt.

Since ∂tqt(x) = −∂tpT−t(x), we have

∂tqt = −∇ · (qt x)−∆qt.

Using the score trick ∆q = ∇ · (q∇ log q):

∂tqt = −∇ · (qt x)−∇ · (qt∇ log qt)

= −∇ ·
(
qt(x+ 2∇ log qt)

)
+∆qt.

This leads to
∂tqt +∇ ·

(
qt(x+ 2∇ log qt)

)
= ∆qt,

which is the Fokker–Planck equation for the SDE (6.4) (with qt = pT−t).

Practice: the approximate reverse process. In practice the score ∇ log pT−t is
unknown and replaced by a learned approximation ŜT−t(·, θ). The approximate reverse
process is

dŶt =
(
Ŷt + 2ŜT−t(Ŷt, θ)

)
dt+

√
2 dWt, Ŷ0 ∼ N (0, Id). (6.5)

Let q̂t denote the law of Ŷt. The goal is q̂T ≈ qT = p0 = π, which holds (intuitively)
when three conditions are met:

(1) T is large enough so that pT ≈ N (0, Id);

(2) Ŝt ≈ ∇ log pt accurately enough;

(3) the time discretization of (6.5) is fine enough.

6.5 Denoising Score Matching

It remains to learn ∇ log pt tractably from data.
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Marginalizing the score. Since pt(x) =
∫
pt(x | x0) p0(x0) dx0, differentiating gives

∇xpt(x) =

∫
∇xpt(x | x0) p0(x0) dx0.

Dividing by pt(x) and using the Bayes formula for conditional distributions:

∇ log pt(x) = E
[
∇Xt log pt(Xt | X0) | Xt = x

]
. (6.6)

Since pt(· | x0) = N (e−tx0, (1− e−2t)Id), the conditional score is explicit:

∇x log pt(x | x0) = −
x− e−tx0
1− e−2t

. (6.7)

In particular,

∇x log pt(x) =
e−tE[X0 | Xt = x]− x

1− e−2t
. (6.8)

Here E[X0 | Xt] is the optimal estimator (denoiser) of the clean data X0 given the
noisy observation Xt. Hence learning the score is equivalent to learning the denoiser
E[X0 | Xt]. This above is also referred to as one form of Tweedie’s formula.

Denoising score matching loss. By (6.6), the marginal score is the best L2(pt)-
estimator given Xt. This motivates learning St(x, θ) ≈ ∇ log pt(x) by minimizing the
denoising score matching (DSM) loss:

L(θ) =

∫ T

0
EX0∼p0, Xt|X0

[∥∥St(Xt, θ)−∇Xt log pt(Xt | X0)
∥∥2
2

]
dt. (6.9)

By (6.6), L(θ) equals the original score matching objective integrated over time:∫ T

0
EXt∼pt

[∥∥St(Xt, θ)−∇Xt log pt(Xt)
∥∥2
2

]
dt, (6.10)

up to a constant that is independent of θ.
Substituting the explicit formula (6.7) into (6.9):

L(θ) =

∫ T

0
E

[∥∥∥∥St(Xt, θ)−
e−tX0 −Xt

1− e−2t

∥∥∥∥2
2

]
dt. (6.11)

The loss (6.11) is fully tractable: X0 ∼ p0 is sampled from data; Xt | X0 ∼ N (e−tX0, (1−
e−2t)Id) is sampled via (6.3); and ∇x log pt(Xt | X0) is given by (6.7). There is no
divergence term and no intractable expectation. In practice one samples a batch X0 ∼
p0, a random time t ∈ [0, T ], and Xt | X0, evaluates the empirical loss, and performs a
step of SGD/ADAM. One often includes a time-dependent weight w(t) to balance the
loss at different noise levels.
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6.6 Error Analysis

We now quantify how well q̂T approximates qT = p0 = π in terms of the score approxi-
mation error. Recall that qt = pT−t denotes the law of the true time-reversal Yt, and q̂t
denotes the law of the approximate process Ŷt from (6.5). The drifts are

bt(y) = y + 2∇ log pT−t(y), b̂t(y) = y + 2ST−t(y, θ), (6.12)

so q0 = pT , q̂0 = N (0, Id), qT = p0 = π, and q̂T ≈ π is the goal.

Proposition 6.4 (W2 error bound). Assume b̂t is Lipschitz in x with constant L̂, uni-
formly in t. Then

W2(qT , q̂T )
2 ≤ e(2L̂+1)T

(
W2(q0, q̂0)

2 +

∫ T

0
Eqt

[
∥bt(Yt)− b̂t(Yt)∥22

]
dt

)
. (6.13)

The integral on the right is exactly the score matching loss.

Proof. Couple (6.4) and (6.5) with the same Wt. Then

d

dt
∥Yt − Ŷt∥22 = 2(Yt − Ŷt) ·

(
bt(Yt)− b̂t(Ŷt)

)
.

Add and subtract b̂t(Yt):

= 2(Yt − Ŷt) ·
(
bt(Yt)− b̂t(Yt)

)
+ 2(Yt − Ŷt) ·

(
b̂t(Yt)− b̂t(Ŷt)

)
.

For the first term, Young’s inequality 2ab ≤ a2 + b2 gives

2(Yt − Ŷt) ·
(
bt(Yt)− b̂t(Yt)

)
≤ ∥Yt − Ŷt∥22 + ∥bt(Yt)− b̂t(Yt)∥22.

For the second, the Lipschitz condition on b̂t gives

2(Yt − Ŷt) ·
(
b̂t(Yt)− b̂t(Ŷt)

)
≤ 2L̂∥Yt − Ŷt∥22.

Combining:

d

dt
∥Yt − Ŷt∥22 ≤ (2L̂+ 1)∥Yt − Ŷt∥22 + ∥bt(Yt)− b̂t(Yt)∥22.

Taking expectations and applying Gronwall’s inequality:

E∥YT − ŶT ∥22 ≤ e(2L̂+1)T

(
E∥Y0 − Ŷ0∥22 +

∫ T

0
E
[
∥bt(Yt)− b̂t(Yt)∥22

]
dt

)
.

Since E∥YT − ŶT ∥22 ≥ W2(qT , q̂T )
2 and minimizing E∥Y0 − Ŷ0∥22 over all couplings of

(q0, q̂0) gives W2(q0, q̂0)
2, we obtain (6.13).

The above W2 upper bound using coupling arguments leads to exponential depen-
dence on T .
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Proposition 6.5 (KL error bound). With the same setup,

DKL(qT ∥ q̂T ) ≤ DKL(q0 ∥ q̂0) +
∫ T

0

1

4
Eqt

[
∥bt(Yt)− b̂t(Yt)∥22

]
dt. (6.14)

Proof. This can be easily derived using path-KL and Girsanov formula:

DKL(qT ∥ q̂T ) ≤ DKL

(
q[0,T ] ∥ q̂[0,T ]

)
= DKL(q0 ∥ q̂0) +

∫ T

0

1

4
Eqt

[
∥bt(Yt)− b̂t(Yt)∥22

]
dt.

We also provide an explicit proof based on PDE calculations. Both qt and q̂t satisfy
Fokker–Planck equations

∂tqt +∇ · (qtbt) = ∆qt, ∂tq̂t +∇ · (q̂tb̂t) = ∆q̂t.

We differentiate DKL(qt ∥ q̂t) =
∫
qt log(qt/q̂t) dx:

d

dt
DKL(qt ∥ q̂t) =

∫
∂tqt log

qt
q̂t

dx︸ ︷︷ ︸
(A)

−
∫

qt
q̂t

∂tq̂t dx︸ ︷︷ ︸
(B)

, (6.15)

where the middle term
∫
∂tqt dx = 0 was dropped.

Term (A). Substituting the FP equation for qt and integrating by parts:

(A) =

∫ (
−∇ · (qtbt) + ∆qt

)
log

qt
q̂t

dx

=

∫
qt bt · ∇ log

qt
q̂t

dx−
∫
∇qt · ∇ log

qt
q̂t

dx.

Using ∇qt = qt∇ log qt and splitting ∇ log qt = ∇ log(qt/q̂t) +∇ log q̂t:

−
∫
∇qt · ∇ log

qt
q̂t

= −
∫

qt

∥∥∥∥∇ log
qt
q̂t

∥∥∥∥2
2

dx−
∫

qt∇ log q̂t · ∇ log
qt
q̂t

dx.

Term (B). Substituting the FP equation for q̂t and integrating by parts:

(B) =

∫
qt
q̂t

(
−∇ · (q̂tb̂t) + ∆q̂t

)
dx

=

∫
qt b̂t · ∇ log

qt
q̂t

dx−
∫

qt∇ log q̂t · ∇ log
qt
q̂t

dx,

using −
∫
∇ · (q̂tb̂t) qtq̂t =

∫
qtb̂t · ∇ log qt

q̂t
and

∫
∆q̂t

qt
q̂t

=
∫
qt∇ log q̂t · ∇ log qt

q̂t
.

Combining. Substituting into (6.15), the ∇ log q̂t terms cancel, leaving

d

dt
DKL(qt ∥ q̂t) =

∫
qt∇ log

qt
q̂t
· (bt − b̂t) dx−

∫
qt

∥∥∥∥∇ log
qt
q̂t

∥∥∥∥2
2

dx. (6.16)
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Applying Young’s inequality ab ≤ σ2

2 a2 + 1
2σ2 b

2 with σ2 = 2 to the first integral:∫
qt∇ log

qt
q̂t
· (bt − b̂t) ≤

∫
qt

∥∥∥∥∇ log
qt
q̂t

∥∥∥∥2
2

dx+
1

4

∫
qt∥bt − b̂t∥22 dx.

The Fisher information terms cancel, giving d
dtDKL(qt ∥ q̂t) ≤ 1

4Eqt∥bt− b̂t∥22. Integrating
from 0 to T gives (6.14).

Remark 6.6. Substituting the drifts (6.12), bt(y)− b̂t(y) = 2(∇ log pT−t(y)−ST−t(y, θ)),
so the integrands in (6.13) and (6.14) are proportional to ∥∇ log pT−t(y)−ST−t(y, θ)∥22,
which corresponds exactly to the loss (6.10). Thus minimizing the training loss directly
controls the quality of the generated samples in both W2 and KL. For time discretizations,
see for example [16, 69].
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Week 3 Exercises

1. (Probability flow ODE.) The reverse SDE (6.4) has noise, which is useful for
sampling but makes likelihood computation difficult. There is a deterministic coun-
terpart, the probability flow ODE,

dYt
dt

= Yt +∇ log pT−t(Yt), Y0 ∼ pT . (6.17)

It is a purely deterministic flow. The key claim is that it shares the same marginal
densities as the reverse SDE.

(a) (Same marginals as the reverse SDE.) Let qODE
t denote the law of Yt solving

(6.17). Show that qODE
t = pT−t for all t by verifying that pT−t satisfies the

continuity equation for (6.17):

∂tpT−t +∇ ·
(
pT−t(y +∇ log pT−t)

)
= 0.

Hint. Differentiate pT−t in t using the Fokker–Planck equation for the forward
OU process (6.2), and use the score trick ∆p = ∇ · (p∇ log p).

(b) (Comparison with SDE.) The reverse SDE (6.4) has drift y + 2∇ log pT−t(y),
while the probability flow ODE (6.17) has drift y + ∇ log pT−t(y). Both yield
qT = p0 = π when initialized at q0 = pT .

(i) Explain why the ODE formulation allows exact likelihood computation via
the instantaneous change-of-variables formula d

dt log q
ODE
t (Yt) = −∇ · (Yt +

∇ log pT−t(Yt)), while the SDE formulation does not.
(ii) Explain why the ODE formulation may allow faster generation.

2. (Bounding the initialization error.) The error bounds (6.13) and (6.14) each
contain an initialization term measuring how well q̂0 = N (0, Id) approximates q0 =
pT .

(a) (W2 initialization bound.) The OU forward process (6.2) is Langevin dynamics
(4.1) with V (x) = 1

2∥x∥
2, so α = 1 and stationary distribution N (0, Id). Apply

Theorem 4.6 directly to obtain

W2(pT ,N (0, Id)) ≤ e−T W2(π,N (0, Id)).

(b) (KL initialization bound.) For the KL bound (6.14), we need DKL(q0 ∥ q̂0) =
DKL(pT ∥N (0, Id)). Since the OU process (6.2) is Langevin with stationary
distribution γ = N (0, Id), the KL decay identity from Week 2 Exercise 2(c)(i)
gives

d

dt
DKL(pt ∥ γ) = −I(pt∥γ), I(pt∥γ) =

∫
∥∇ log(pt/γ)∥22 pt dx.
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(i) For γ = N (0, Id), show that ∇ log γ(x) = −x, so

I(pt∥γ) = Ept∥∇ log pt(X) +X∥22.

(ii) We can show (accept without proof) that

DKL(pt ∥ γ) ≤ 1
2 I(pt∥γ).

This is the log-Sobolev inequality for N (0, Id). Combine with the decay
identity to show d

dtDKL(pt ∥ γ) ≤ −2DKL(pt ∥ γ), and conclude by Gronwall
that

DKL(pT ∥N (0, Id)) ≤ e−2T DKL(π ∥N (0, Id)) .

(c) (Complete W2 error bound.) Combine part (a) with (6.13). Let ε2score =∫ T
0 Eqt [∥bt(Yt)− b̂t(Yt)∥22] dt. Show that

W2(π, q̂T ) ≤ e(L̂+
1
2)T
(
e−T W2(π,N (0, Id)) + εscore

)
.

What happens to this upper bound as T →∞?

(d) (Complete KL error bound.) Similarly combine part (b) with (6.14) to obtain

DKL(π ∥ q̂T ) ≤ e−2T DKL(π ∥N (0, Id)) +

∫ T

0

1

4
Eqt [∥bt(Yt)− b̂t(Yt)∥22] dt.

Note that unlike the W2 bound, this KL bound has no exponentially growing
prefactor in T .

3. (Gaussian mixture: explicit computations.) Let d = 1 and π = 1
2N (µ, 1) +

1
2N (−µ, 1) for µ > 0.

(a) (Marginals of the OU process.) Show that

pt =
1
2N (e−tµ, 1) + 1

2N (−e−tµ, 1).

(b) (Explicit score.) Write wt(x) = ϕ(x; e−tµ, 1) / [ϕ(x; e−tµ, 1) + ϕ(x;−e−tµ, 1)]
for the mixture weight, where ϕ(x; m,σ2) is the N (m,σ2) density. Show that

∇ log pt(x) = −
(
x− e−tµ (2wt(x)− 1)

)
,

and verify that as t→∞, wt(x)→ 1
2 and ∇ log pt(x)→ −x (score of N (0, 1)).
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7 Flow Matching, Rectified Flow, Stochastic Interpolants

7.1 Motivation: Beyond Gaussian Noise Source and Infinite Time

The score-based diffusion model of Section 6 has two structural limitations:

1○ Finite-time truncation. The forward OU process (6.2) reaches N (0, Id) only as
T →∞; in practice one truncates to [0, T ], introducing initialization errors.

2○ Restricted transport. The noising process always moves data toward Gaussian
noise. One can therefore only learn to transport between a data distribution and
N (0, Id), not between two arbitrary distributions π0 and π1.

In many applications, one wants a direct transport between two non-Gaussian distri-
butions — for instance, π0 a low-resolution image distribution and π1 a high-resolution
image distribution. Flow matching [49], as well as concurrent work, stochastic inter-
polants [2, 1] and rectified flows [52], addresses both issues by replacing the noising
process with a general interpolation over a finite time interval.

7.2 Setup and Interpolation Process

Let X0 ∼ π0 and X1 ∼ π1 be samples from two target distributions (which may be
accessed only through data), and let Z ∼ N (0, Id) be independent auxiliary noise.
Define an interpolation process

It = It(X0, X1, Z), t ∈ [0, 1], (7.1)

satisfying the boundary conditions I0 = X0 and I1 = X1. Let µt denote the law of It
(with density also written µt by abuse of notation), so µ0 = π0 and µ1 = π1. The goal
is to construct a vector field bt such that the ODE dYt = bt(Yt) dt transports π0 to π1
by matching the marginals of the interpolation.

Example 7.1 (Linear interpolant). The simplest choice is the linear interpolant

It = αtX0 + βtX1, İt = α̇tX0 + β̇tX1, (7.2)

where α0 = β1 = 1 and α1 = β0 = 0, so that I0 = X0 and I1 = X1. The canonical
choice αt = 1− t, βt = t gives It = (1− t)X0 + tX1 with İt = X1 −X0.

Remark 7.2 (Connection to diffusion models). Consider an infinite time interval and
X1 = Z ∼ N (0, Id) and the interpolant coefficients αt = e−t, βt =

√
1− e−2t. By

Theorem 6.2, the OU marginal satisfies pt(· | x0) = N (e−tx0, (1− e−2t)Id), so

It
d
= e−tX0 +

√
1− e−2t Z ∼ pt,

where pt = Law(Xt) is the OU forward process marginal. Thus µt = pt: the interpolant
marginals coincide with the diffusion model forward marginals. See exercise at the end
of this section.
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Remark 7.3. In the above two examples, It = It(X0, X1) without dependence on the
latent random variable Z. This means that conditional on X0, X1, It is a point mass.
One can introduce additional stochasticity so that It|X0, X1 has some variability and
there is a conditional density pt(·|X0, X1). Using the latent Z can achieve this. In the
original paper on flow matching, the conditional distribution is directly modeled, while
in stochastic interpolants, the interpolant process is the primary modeling object.

7.3 The Matching Theorem

Theorem 7.4. Let It be an interpolation process (7.1) with marginal law µt, and define
the conditional velocity field

bt(x) = E
[
İt | It = x

]
, İt :=

d
dtIt. (7.3)

Let Yt solve the ODE
dYt = bt(Yt) dt, Y0 ∼ π0. (7.4)

Then Law(Yt) = µt for all t ∈ [0, 1]. In particular, Y1 ∼ π1.

Proof. Assume µt has a smooth density (also denoted µt); otherwise one uses a weak
formulation. For any test function ϕ ∈ C∞c (Rd), differentiate

∫
µt ϕdx = E[ϕ(It)]:∫

∂tµt ϕdx =
d

dt
E[ϕ(It)] = E[∇ϕ(It) · İt].

By the tower property of conditional expectation,

E[∇ϕ(It) · İt] = E
[
∇ϕ(It) · E[İt | It]

]
=

∫
∇ϕ(x) · bt(x)µt(x) dx

= −
∫

ϕ(x)∇ · (µt bt)(x) dx,

where the last equality is integration by parts. Since ϕ is arbitrary:

∂tµt +∇ · (µt bt) = 0. (7.5)

This is the continuity equation (3.3) for the ODE (7.4). Since Law(Y0) = π0 = µ0 and
both Law(Yt) and µt satisfy (7.5) with the same initial condition, they coincide for all
t.

7.4 Algorithm: Training by Matching the Velocity

Theorem 7.4 reduces transporting π0 to π1 to learning bt(x) = E[İt | It = x]. Since the
conditional expectation is the L2-projection, bt is the minimizer of the flow matching
loss:

L(θ) =

∫ 1

0
E
[∥∥b̂t(It, θ)− İt

∥∥2
2

]
dt. (7.6)

The loss (7.6) is fully tractable: at each step, sample X0 ∼ π0, X1 ∼ π1, and Z ∼
N (0, Id) from data; evaluate It and İt in closed form from (7.1); and optimize with
SGD/ADAM. Once trained, generate new samples from π1 by integrating the ODE
(7.4) from Y0 ∼ π0.
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Error bound. Applying the same coupling argument as Theorem 6.4, if b̂t is L̂-
Lipschitz in x uniformly in t, then

W 2
2 (µ̂1, µ1) ≤ e(2L̂+1)

∫ 1

0
E
[
∥b̂t(It, θ)− bt(It)∥22

]
dt, (7.7)

where µ̂1 is the law of Ŷ1 from the approximate ODE dŶt = b̂t(Ŷt, θ) dt. Note the
absence of the initialization error term W2(q0, q̂0)

2: with exact boundary conditions
I0 = Z ∼ N (0, Id) = Ŷ0, the initialization error is zero.

Remark 7.5 (Summary of advantages over diffusion models). For the same interpolant
choice as in Theorem 7.2, flow matching and diffusion models share the same forward
marginals µt = pt. Flow matching’s advantages are:

• Finite horizon: the time interval is [0, 1], with exact boundary conditions and no
truncation error.

• General transport: π0 and π1 can be any two distributions, not just data and
Gaussian noise.

• Simpler framework: the loss (7.6) regresses onto İt, which is known in closed form.
In comparison, denoising score matching (6.9) regresses onto the conditional score
∇Xt log pt(Xt | X0) whose form requires some calculations to obtain.

7.5 Connection to Score Based Diffusion Models

In this subsection we specialize to the interpolant It = αtZ+βtX1 which goes from Z at
time t = 0 to X1 at t = 1, and derive explicit formulas connecting bt, the score ∇ logµt,
and the diffusion model.

Noise predictor and denoiser. Taking conditional expectations in It = αtZ+βtX1

gives:

x = αt E[Z | It = x]︸ ︷︷ ︸
noise predictor

+βt E[X1 | It = x]︸ ︷︷ ︸
denoiser

, bt(x) = α̇t E[Z | It = x] + β̇t E[X1 | It = x].

(7.8)
Thus bt can equivalently be expressed through the noise predictor E[Z | It = x] or the
denoiser E[X1 | It = x], analogously to (6.8) in the diffusion model.

Score of the interpolant marginals. The following lemma is the key tool.

Lemma 7.6 (Score via conditional expectation). Let X,Y be jointly distributed random
variables with p the density of X. Then

∇ log p(x) = E
[
∇X log p(X | Y ) | X = x

]
. (7.9)
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Proof. Differentiating p(x) =
∫
p(x | y) q(y) dy: ∇xp(x) =

∫
∇xp(x | y) q(y) dy. Divid-

ing by p(x) and recognizing the posterior:

∇ log p(x) =

∫
∇x log p(x | y)

p(x | y)q(y)
p(x)

dy = E[∇X log p(X | Y ) | X = x].

Proposition 7.7 (Score and noise predictor). For the interpolant It = αtZ + βtX1,

∇ logµt(x) = −
1

αt
E[Z | It = x]. (7.10)

Proof. Apply Theorem 7.6 with X = It, Y = X1. Given X1 = x1, It | X1 = x1 ∼
N (βtx1, α

2
t Id), so

∇x log pt|1(x | x1) = −
x− βtx1

α2
t

.

By Theorem 7.6:

∇ logµt(x) = E
[
−It − βtX1

α2
t

∣∣∣ It = x

]
= − 1

α2
t

E[It−βtX1 | It = x] = − 1

α2
t

E[αtZ | It = x].

Solving (7.8) and (7.10) for E[Z | It = x] and substituting into the expression for bt:

bt(x) = α2
t

(
β̇t
βt
− α̇t

αt

)
∇ logµt(x) +

β̇t
βt

x. (7.11)

This expresses the flow matching velocity as an affine function of the score ∇ log µt,
mirroring (4.3) in the Langevin setting.

A family of SDEs with the same marginals. By the score identity∇·(µt∇ logµt) =
∆µt, adding any diffusion gt ≥ 0 to the drift of (7.4) preserves the marginals.

Proposition 7.8. For any gt ≥ 0, the SDE

dYt =
(
bt(Yt) + gt∇ logµt(Yt)

)
dt+

√
2gt dWt, Y0 ∼ N (0, Id), (7.12)

satisfies Law(Yt) = µt for all t ∈ [0, 1].

Proof. The Fokker–Planck equation for (7.12) is

∂tµt +∇ ·
(
µt(bt + gt∇ logµt)

)
= gt∆µt.

Since ∇· (µt∇ logµt) = ∆µt, the right-hand side equals gt∇· (µt∇ logµt), which cancels
the added term, reducing to the continuity equation (7.5) that µt satisfies.

The ODE (7.4) corresponds to gt = 0. Equation (7.11) shows that (7.12) is always an
SDE whose drift is an affine function of the score ∇ logµt.
Remark 7.9 (Stochastic interpolants: score formula). For the stochastic interpolant It =
αtX0 + βtX1 + σtZ with σ0 = σ1 = 0, Theorem 7.6 applied with Y = (X0, X1) gives
∇ logµt(x) = −E[Z/σt | It = x], and bt(x) = E[α̇tX0+ β̇tX1+ σ̇tZ | It = x]. The family
(7.12) applies unchanged.
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7.6 Rectified Flow and Optimal Transport

Straight trajectories and numerical efficiency. For the linear interpolant It =
αtX0 + βtX1 with the rectified flow choice αt = 1 − t, βt = t, the conditional velocity
is bt(x) = E[X1 −X0 | It = x]. If trajectories of the ODE (7.4) were perfectly straight
— i.e., bt(Yt) = Y1 − Y0 along each trajectory — then the ODE could be solved exactly
with a single Euler step. Trajectory crossing prevents this in general: when (X0, X1) are
drawn independently from π0 × π1, different pairs (X0, X1) and (X ′0, X

′
1) can produce

paths It and I ′t that intersect at some time t, forcing bt at the crossing point to average
over multiple directions.

The reflow procedure. Given a trained velocity field b̂t, one can generate a new
straightened coupling by simulating the learned ODE: starting from X0 ∼ π0, run

dYt
dt

= b̂t(Yt), Y0 = X0,

and set X ′1 := Y1. By construction, (X0, X
′
1) is a new coupling of π0 and π1 (since

Y1 ∼ π1 when the ODE is exact), and the straight-line paths (1 − t)X0 + tX ′1 are
precisely the ODE trajectories. These cannot cross, so training a new flow on this
coupling produces a velocity field that is closer to a pure translation bt(x) ≈ X ′1 −X0

at each point. Iterating this reflow [52] procedure

(X
(k+1)
0 , X

(k+1)
1 ) := ODE coupling from b̂

(k)
t

progressively straightens the trajectories.

Connection to optimal transport. The Monge optimal transport (OT) problem
between π0 and π1 seeks a transport map T : Rd → Rd with T#π0 = π1 minimizing the
quadratic cost:

min
T :T#π0=π1

EX0∼π0 [∥X0 − T (X0)∥22]. (7.13)

Under the OT coupling (X0, X
∗
1 ) where X∗1 = T (X0), the straight-line paths (1− t)X0+

tT (X0) never cross (a consequence of cyclical monotonicity of the OT map), so the
velocity bt(x) = T (X0) − X0 is a pure translation and the flow ODE can be solved in
one step.

The reflow procedure approximates this: each iteration reduces trajectory crossings,
and in the limit the coupled pairs (X

(∞)
0 , X

(∞)
1 ) converge to the OT coupling. The

rectified flow therefore provides a practical algorithm in high dimensions for approxi-
mating the OT map without solving (7.13) directly. For related diffusion methods for
approximating the entropy regularized OT, namely Schrödinger’s bridge, see [65].
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Week 4 Exercises

1. (W2 error bound for flow matching.) Prove the error bound (7.7) by adapting
the coupling argument of Theorem 6.4.

(a) (Setup.) Let Yt solve the true ODE dYt = bt(Yt) dt, Y0 ∼ π0, and Ŷt solve
the approximate ODE dŶt = b̂t(Ŷt, θ) dt, Ŷ0 ∼ π0. Since both are initialized at
the same π0, one can take Y0 = Ŷ0 (i.e. couple them at initialization). Com-
pute d

dt∥Yt − Ŷt∥22 and apply the same add-and-subtract and Young/Lipschitz
argument as in Theorem 6.4 to obtain

d

dt
∥Yt − Ŷt∥22 ≤ (2L̂+ 1)∥Yt − Ŷt∥22 + ∥bt(Yt)− b̂t(Yt)∥22.

(b) (Gronwall and initialization.) Apply Gronwall to the inequality in (a) and take
expectations to show

E∥Y1 − Ŷ1∥22 ≤ e(2L̂+1)

∫ 1

0
E
[
∥bt(Yt)− b̂t(Yt)∥22

]
dt.

Explain why there is no initialization error term W2(µ0, µ̂0)
2 here, in contrast

to (6.13).
The diffusion model bound (6.13) has a prefactor e(2L̂+1)T that grows with the
time horizon T → ∞. The flow matching bound (7.7) has prefactor e(2L̂+1)

(with T = 1 fixed). Nevertheless, the Lipschitz constant L̂ can be large in
practice.

2. (Infinite-time interpolant and score-based diffusion models.) This exercise
establishes the precise relationship between the flow matching framework and the
diffusion model of Section 6.

In Section 7 the interpolant is It = αtZ+βtX1 with Z ∼ N (0, Id) (source/noise) and
X1 ∼ π1 (target). For the diffusion model, the source is data X0 ∼ π0 and the target
is Gaussian noise Z ′ ∼ N (0, Id) — the roles are swapped. So set π0 = π (data),
π1 = N (0, Id), and consider the interpolant with the data as source:

It = αtX0 + βtZ
′, X0 ∼ π0, Z

′ ∼ N (0, Id) independent, (7.14)

with αt = e−t, βt =
√
1− e−2t, α0 = 1, β0 = 0, α∞ = 0, β∞ = 1. This matches

Theorem 6.2: It
d
= Xt where Xt solves the forward OU (6.2), so µt = pt.

(a) (Score in the swapped convention.) In the convention of (7.14), X0 plays the
role of Z and Z ′ plays the role of X1. Apply Theorem 7.6 with X = It, Y = X0:
given X0 = x0, It | X0 ∼ N (αtx0, β

2
t Id), so∇x log pt|0(x | x0) = −(x−αtx0)/β

2
t .

Show that
∇ logµt(x) = ∇ log pt(x) = −

1

βt
E[Z ′ | It = x]. (7.15)
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This is the analogue of (7.10) with Z ↔ X0 and X1 ↔ Z ′: the “noise predictor”
is now E[Z ′ | It = x].

(b) (Velocity field bt and the OU drift.) The conditional velocity is bt(x) = α̇tE[X0 |
It = x]+ β̇tE[Z ′ | It = x]. Using (7.15) and x = αtE[X0 | It = x]+βtE[Z ′ | It =
x], eliminate E[X0 | It = x] and E[Z ′ | It = x] to show

bt(x) =
α̇t

αt
x+ βt

(
α̇tβt
αt
− β̇t

)
∇ log pt(x). (7.16)

Substituting αt = e−t, βt =
√
1− e−2t, show that α̇t/αt = −1 and α̇tβt/αt −

β̇t = −βt − e−2t/βt = −(1− e−2t + e−2t)/βt = −1/βt, giving

bt(x) = −x−∇ log pt(x).

(c) (Recovering the forward OU and reverse SDE.) Using Theorem 7.8 with bt(x) =
−x−∇ log pt(x):

(i) Show that gt = 1 gives drift bt + ∇ log µt = −x and SDE dYt = −Yt dt +√
2 dWt, which is exactly the forward OU process (6.2). This confirms the

family (7.12) contains the forward OU as the gt = 1 member.
(ii) Apply Anderson’s time-reversal (Theorem 6.3) to the forward OU process

to obtain the reverse SDE (6.4). Since any member of (7.12) shares the
marginals pt, their time-reversals all yield the same marginal law pT−t for
Yt = XT−t. In particular, note that the flow matching ODE (7.4) with
bt(x) = −x − ∇ log pt(x) has the same marginals pt as the forward OU
SDE. Its time-reversal Ỹs = YT−s satisfies dỸs = −bT−s(Ỹs) ds = (XT−s +
∇ log pT−s(Ỹs)) ds, i.e. dỸs = (Ỹs + ∇ log pT−s(Ỹs)) ds. This matches the
probability flow ODE (6.17).
As a summary, the forward OU SDE, the flow matching ODE, and the
SDE family (7.12) all share marginals pt; Anderson’s time-reversal of any
of them with diffusion

√
2 gives the reverse SDE (6.4), while reversing the

ODE (gt = 0) gives the probability flow ODE (6.17).
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8 Conditional Sampling with Generative Priors

8.1 Motivation and Setting

The preceding sections developed generative models that learn to transport noise to a
data distribution π. Given unlabeled data x(1), . . . , x(N) ∼ π, we trained SDEs/ODEs
of the form

dXt = bt(Xt) dt+ σt dWt, X0 ∼ N (0, Id), X1 ∼ π,

where for example (i) bt(x) = x + 2∇ log pt(x), σt =
√
2 (reverse SDE), or (ii) bt(x) =

E[İt | It = x], σt = 0 (flow matching ODE). In both cases the generative model samples
unconditionally from π. Note that in case (ii), we can make it SDE by adding score
terms in the drift, see Proposition 7.8.

In practice, one often wants to control the generated samples. Two canonical settings
arise:

1○ Bayesian inverse problem. One has unlabeled data x(1), . . . , x(N) ∼ π and a
forward model y = F (x)+σε, ε ∼ N (0, I), producing a noisy observation y ∈ Rm.
The goal is to sample the posterior

P (x | y) ∝ π(x) exp

(
−∥y − F (x)∥22

2σ2

)
.

The likelihood P (y | x) ∝ exp(−∥y − F (x)∥2/(2σ2)) is known but π(x) is known
only through samples.

2○ Reward tilting / fine-tuning / inference-time scaling. One wants to sample
from π(x) exp(R(x; y)) for a reward function R : Rd × Rm → R, where y is a
conditioning variable. Intuition: generate samples that sit in the region where the
reward R is large while staying close to the prior π. We can define a likelihood
P (y|x) ∝ exp(R(x; y)).

Both settings reduce to the same problem: given a generative model for π and a
likelihood P (y | x), sample from P (x | y) ∝ π(x)P (y | x) for a fixed observation y. We
present two alternative approaches with different features: conditional flow matching
(Setting 1, requires paired training data and retraining) and guidance (Setting 2, uses a
pre-trained unconditional model with a tilting term at inference time).

8.2 Setting 1: Amortized Conditional Flow Matching

Key idea. Suppose we can generate paired samples by first drawing X1 ∼ π and then
drawing Y | X1 ∼ P (y | X1). We use these pairs to train a new conditional velocity
field bt(x, y) that transports noise to P (· | y).
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Setup. Let X0 ∼ N (0, Id) and X1 ∼ π be independent, and draw Y | X1 ∼ P (y | X1).
Consider the linear interpolant It = αtX0 + βtX1 with I0 = X0, I1 = X1. Define the
conditional velocity field

bt(x, y) := E
[
İt | It = x, Y = y

]
, İt = α̇tX0 + β̇tX1. (8.1)

Let pt(x | y) denote the conditional density of It given Y = y, so p0(· | y) = N (0, Id) for
all y (since I0 = X0 ⊥ Y ) and p1(· | y) ∝ π(x)P (y | x).

Proposition 8.1 (Conditional flow matching). Let X̃t solve the ODE

dX̃t = bt(X̃t, y) dt, X̃0 ∼ N (0, Id), (8.2)

for a fixed y. Then Law(X̃t) = pt(· | y) for all t ∈ [0, 1]. In particular, X̃1 ∼ P (· | y) ∝
π(x)P (y | x).

Proof. Fix y and let ϕ ∈ C∞c (Rd). Differentiating
∫
pt(x | y)ϕ(x) dx = E[ϕ(It) | Y = y]

in t: ∫
∂tpt(x | y)ϕ(x) dx =

d

dt
E[ϕ(It) | Y = y] = E

[
∇ϕ(It) · İt | Y = y

]
.

By the tower property, conditioning on (It, Y ) inside the expectation conditioned on
Y = y:

E[∇ϕ(It) · İt | Y = y] = E
[
∇ϕ(It) · E[İt | It, Y ] | Y = y

]
=

∫
∇xϕ(x) · bt(x, y) pt(x | y) dx

= −
∫

ϕ(x)∇x ·
(
pt(x | y) bt(x, y)

)
dx.

Since ϕ is arbitrary, pt(· | y) satisfies

∂tpt(x | y) +∇x ·
(
pt(x | y) bt(x, y)

)
= 0. (8.3)

This is the continuity equation for (8.2) with the same initial condition p0(· | y) =
N (0, Id), so Law(X̃t) = pt(· | y) for all t.

Training. The conditional velocity bt(x, y) minimizes the loss

L(θ) =

∫ 1

0
E
[∥∥b̂t(It, Y, θ)− İt

∥∥2
2

]
dt, (8.4)

where the expectation is over X0 ∼ N (0, Id), X1 ∼ π, Y | X1 ∼ P (· | X1), and
It = αtX0 + βtX1. Training proceeds by first drawing It | X0, X1, then Y | X1, and
regressing b̂t(It, Y, θ) onto İt.
Remark 8.2 (Amortized inference). The trained network b̂t(x, y, θ) can be evaluated at
any y to generate approximate samples from P (· | y) by integrating (8.2). However, the
loss (8.4) only guarantees accuracy of P (x | y) averaged over Y ∼ P (y). For a specific
fixed observation y, errors may be larger. This is amortized inference: one trained model
serves all y simultaneously, at the cost of per-instance accuracy.

40



Remark 8.3 (Classifier-free guidance). In modern generative modeling practice, con-
ditional flow matching is often combined with the unconditional model into a single
network b̂t(x, y, θ) trained jointly on both conditional and unconditional samples (the
latter obtained by replacing Y with a null token ∅). At inference time, one uses the
extrapolated drift

(1 + w) b̂t(x, y, θ)− w b̂t(x, ∅, θ), w ≥ 0,

which heuristically amplifies the conditional signal. This is classifier-free guidance (Ho–
Salimans 2022 [38]) and is a variant of Setting 1 that empirically gives sharper conditional
samples for a fixed y at the cost of a bias controlled by the guidance strength w.

In the above setting, the information of P (y|x) is not used directly; it is used based
on the simulated many samples Y . This is also referred to as simulation-based inference.

8.3 Setting 2: Guidance without Re-training

Setup. Setting 2 takes a pre-trained unconditional generative model for π and steers
it toward P (· | y) at inference time for a specific fixed observation y, without any
retraining.

We work in the flow matching setting of Section 7. By (7.11), the unconditional
velocity field satisfies

bt(x) =
β̇t
βt

x+ α2
t

(
β̇t
βt
− α̇t

αt

)
∇x log pt(x), (8.5)

i.e. bt depends on x through the score ∇x log pt(x) and the linear term β̇t

βt
x. Combining

(8.5) with the SDE family (7.12), the unconditional generative SDE has drift

bt(x) + gt∇x log pt(x) =
β̇t
βt

x+

(
α2
t

(
β̇t
βt
− α̇t

αt

)
+ gt

)
︸ ︷︷ ︸

=: ct

∇x log pt(x). (8.6)

The drift is an affine function of the score with coefficient ct.

From unconditional to conditional via Bayes. To sample from pt(· | y) instead
of pt(·), we replace ∇x log pt(x) in (8.6) by ∇x log pt(x | y). Bayes’ rule gives

∇x log pt(x | y) = ∇x log pt(x)︸ ︷︷ ︸
prior score (known)

+∇x log pt(y | x)︸ ︷︷ ︸
likelihood score

. (8.7)

The prior score is available from the trained model. The likelihood score is the difficulty.

The marginal likelihood. The likelihood of observation y given It = x is

pt(y | x) =
∫

p1(y | x1) pt(x1 | x) dx1, (8.8)

where p1(y | x1) = P (y | x1) is the data likelihood and pt(x1 | x) is the denoising
distribution at level t. Computing (8.8) is generally intractable.
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Guidance approximation. Approximate pt(· | x) by a point mass at its conditional
mean:

pt(y | x) ≈ p1
(
y | E[X1 | It = x]

)
. (8.9)

Here E[X1 | It = x] is the denoiser of the prior, which is available from the trained
model via Theorem 7.7 (in particular, expressible through the prior score ∇x log pt(x)).
Define the guidance function

ft(x, y) := ∇x log p1
(
y | E[X1 | It = x]

)
. (8.10)

Then (8.7) is approximated by ∇x log pt(x | y) ≈ ∇x log pt(x) + ft(x, y).

Guided generation. Substituting this approximation into (8.6) gives the guided drift :

β̇t
βt

x+ ct
(
∇x log pt(x) + ft(x, y)

)
. (8.11)

The guided process is

dX̃t =

[
β̇t
βt

X̃t + ct
(
∇x log pt(X̃t) + ft(X̃t, y)

)]
dt+

√
2gt dWt, X̃0 ∼ N (0, Id). (8.12)

When the approximation (8.9) is exact, Theorem 7.8 (applied to the conditional marginals
pt(· | y)) guarantees Law(X̃t) = pt(· | y) and X̃1 ∼ P (· | y).
Remark 8.4 (Diffusion model guidance). For the score-based diffusion model of Section 6
(the reverse SDE (6.4) with explicit drift y+2∇x log pT−t(y)), the guided version simply
replaces the score by the guided score:

dỸt =
(
Ỹt + 2(∇x log pT−t(Ỹt) + fT−t(Ỹt, y))

)
dt+

√
2 dWt.

This is like classifier guidance (Dhariwal–Nichol 2021 [25]): the guidance term ft(x, y)
approximates ∇x log pt(y | x) via (8.9) (DPS [23]) or via a separately trained classifier
p̂t(y | x) [25].

Remark 8.5 (Bias of the guidance approximation). The approximation (8.9) introduces
a bias: it is exact only when the denoising distribution pt(· | x) is a point mass, which
holds at t = 1 but not at intermediate t. The bias is most severe at small t, when
pt(· | x) is spread over multiple modes and the conditional mean E[X1 | It = x] is a poor
summary.

8.4 Discussions and Summary

Several lines of work aim to reduce or remove this bias:

• Sequential Monte Carlo (SMC), annealed importance sampling (AIS) and twisted
particle filtering: run multiple guided trajectories (particles) carrying importance
weights, with periodic resampling to focus computation on high-weight particles.
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The “twist” refers to the choice of guided drift that makes the particle proposals
closer to the target conditional distribution; (8.10) is one such twist. With proper
weighting, SMC yields asymptotically exact samples from P (· | y) as the number
of particles grows. This is the dynamical analogue of importance sampling from
Section 2: the guided SDE plays the role of the proposal g, and the importance
weights play the role of π/g, but now along an entire path rather than at a single
point. The dynamical structure is what makes the proposal close to the target,
mitigating the curse of dimensionality that crippled static IS (recall Theorem 2.10).

• Stochastic optimal control: formulate conditional sampling as an optimal control
problem whose solution is the exact conditional drift, with the guidance term (8.10)
arising as a first-order approximation to the optimal control.

These methods trade additional computation at inference time for reduced bias in the
conditional samples.

Remark 8.6 (Comparison of the two settings). We summarize as follows.

• Setting 1 (conditional flow matching): requires paired training data (X1, Y ) and
retraining the model; generalizes over all y in an amortized way; classifier-free
guidance is a popular variant that gives sharper conditional samples.

• Setting 2 (guidance): uses only a pre-trained unconditional model and a differen-
tiable likelihood P (y | x); requires no retraining; works for a specific y at inference
time; the basic form has bias controlled by (8.9), which can be reduced by SMC
or control-theoretic corrections.

Neither setting strictly dominates the other: Setting 1 invests upfront training cost for
fast conditional sampling; Setting 2 invests inference-time cost for flexibility and biased
but cheap conditional sampling.
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Week 5 Exercises

1. (Error bound for conditional flow matching.) This exercise derives an error
bound analogous to (7.7) for the conditional flow matching of Section 8.2, making
precise the amortization claim that the trained model only guarantees accuracy of
P (· | y) averaged over Y .

Setup. Recall the conditional velocity field bt(x, y) = E[İt | It = x, Y = y] from
(8.1). Let b̂t(x, y, θ) be a trained network (not necessarily the minimizer of (8.4)).
For each fixed y, let X̃y

t solve the true ODE dX̃y
t = bt(X̃

y
t , y) dt with X̃y

0 ∼ N (0, Id),
and let X̂y

t solve the approximate ODE dX̂y
t = b̂t(X̂

y
t , y, θ) dt with X̂y

0 ∼ N (0, Id).
By Theorem 8.1, X̃y

1 ∼ P (· | y). Denote P̂ (· | y) = Law(X̂y
1 ).

(a) (Pointwise bound for fixed y.) For a fixed observation y, assume b̂t(·, y, θ) is
L̂-Lipschitz in x uniformly in t. Adapt the coupling argument of Theorem 6.4
(with Y0 = Ŷ0 exact, since both ODEs start from N (0, Id)) to show

W 2
2

(
P̂ (· | y), P (· | y)

)
≤ e(2L̂+1)

∫ 1

0
E
[∥∥b̂t(It, y, θ)− bt(It, y)

∥∥2
2

∣∣∣Y = y
]
dt.

(b) (Bound averaged over Y .) Take expectation over Y ∼ P (y) =
∫
π(x1)P (y |

x1) dx1 in part (a) to obtain

EY

[
W 2

2

(
P̂ (· | Y ), P (· | Y )

)]
≤ e(2L̂+1)

∫ 1

0
E
[∥∥b̂t(It, Y, θ)− bt(It, Y )

∥∥2
2

]
dt.

(8.13)
Show that the right-hand side equals L(θ) − L∗, where L(θ) is the conditional
flow matching loss (8.4) and L∗ =

∫ 1
0 E∥İt − bt(It, Y )∥2 dt is the irreducible

component of the loss independent of θ. Hint. Use the tower property and
the fact that bt(It, Y ) = E[İt | It, Y ] is the L2-projection, so E∥b̂t(It, Y, θ) −
İt∥2 = E∥b̂t(It, Y, θ)−bt(It, Y )∥2+E∥bt(It, Y )− İt∥2. Conclude that minimizing
(8.4) directly controls the Y -averaged W 2

2 error between the learned and true
posteriors.

(c) (Why pointwise accuracy is not guaranteed.) Explain why the bound (8.13)
does not imply pointwise accuracy W 2

2 (P̂ (· | y), P (· | y)) ≤ ε for a specific y.
Construct a simple example where the integrated CFM loss is small but the
pointwise error is large for some y in a low-probability region of P (y). Hint.
Take a discrete Y ∈ {y1, y2} with P (Y = y1) = 1 − δ and P (Y = y2) = δ for
small δ. If the model has small error for y1 and large error ∆ for y2, the averaged
error is (1 − δ) · small + δ · ∆2, which is small in expectation even when ∆ is
large. This is the precise sense in which conditional flow matching is amortized :
rare observations may receive poor conditional samples.

2. (Unification of conditional flow matching and guidance.) This exercise shows
that, at the level of exact solutions, Settings 1 and 2 of Section 8 are solving the
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same equation: both produce a drift that is the unconditional flow matching for-
mula (8.5) with the unconditional score ∇x log pt(x) replaced by the conditional score
∇x log pt(x | y). The two settings differ only in how they obtain the conditional score.

Throughout, use the linear interpolant It = αtX0+βtX1 with X0 ∼ N (0, Id), X1 ∼ π,
Y | X1 ∼ P (· | X1). Let pt(x | y) denote the conditional density of It given Y = y.

(a) (Conditional analogue of Theorem 7.7.) Conditional on Y = y and X1 = x1,
the interpolant It | X1 = x1, Y = y has the same distribution as It | X1 = x1,
namely N (βtx1, α

2
t Id) (since X0 ⊥ Y given X1). Apply Theorem 7.6 with

X = It | Y = y and W = X1 | Y = y to show that the conditional score satisfies

∇x log pt(x | y) = −
1

α2
t

E[αtX0 | It = x, Y = y]. (8.14)

(b) (Conditional velocity in terms of the conditional score.) Following the derivation
of (7.11), starting from bt(x, y) = E[İt | It = x, Y = y] = α̇tE[X0 | It = x, Y =
y] + β̇tE[X1 | It = x, Y = y], and using (8.14) together with x = αtE[X0 | It =
x, Y = y] + βtE[X1 | It = x, Y = y], derive

bt(x, y) =
β̇t
βt

x+ α2
t

(
β̇t
βt
− α̇t

αt

)
∇x log pt(x | y). (8.15)

This is exactly (8.5) with the unconditional score ∇x log pt(x) replaced by the
conditional score ∇x log pt(x | y).

(c) (Reconciling Settings 1 and 2.) Combine (8.15) with the SDE family Theo-
rem 7.8 (applied to the conditional marginals pt(· | y)): for any gt ≥ 0, the
SDE

dX̃t =
(
bt(X̃t, y) + gt∇x log pt(X̃t | y)

)
dt+

√
2gt dWt, X̃0 ∼ N (0, Id),

has Law(X̃t) = pt(· | y).
(i) (Setting 1 / CFM.) Setting gt = 0 recovers the conditional flow matching

ODE (8.2). The conditional score ∇x log pt(x | y) enters implicitly through
bt(x, y), which is regressed onto İt in the loss (8.4).

(ii) (Setting 2 / guidance.) Apply Bayes’ rule (8.7) to the conditional score in
(8.15): ∇x log pt(x | y) = ∇x log pt(x) +∇x log pt(y | x). Substituting and
rearranging:

bt(x, y) = bt(x)︸ ︷︷ ︸
unconditional drift

+α2
t

(
β̇t
βt
− α̇t

αt

)
∇x log pt(y | x)︸ ︷︷ ︸

likelihood score

.

Compare with (8.11): this is exactly the guided drift, with the likelihood
score appearing as the additive “guidance” correction to the unconditional
drift.
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Conclusion. Settings 1 and 2 produce identical exact drifts; they differ only in
implementation:

• Setting 1 estimates the full conditional score ∇x log pt(x | y) directly via
regression onto İt from paired data (X1, Y ).

• Setting 2 decomposes the conditional score by Bayes into the (known) prior
score plus the likelihood score, and approximates the latter using (8.9).

The two approaches incur different errors: Setting 1 has amortization error
(Exercise 1); Setting 2 has the bias of (8.9). SMC-style methods correct the
latter using the dynamical-IS perspective discussed in Section 8.3.
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9 Stochastic Optimal Control for Conditional Sampling

9.1 Motivation

In Section 8.3 we approximated the conditional score ∇x log pt(x | y) by Bayes’ rule
plus the guidance approximation (8.9), which introduces a bias. We now present a more
principled approach via stochastic optimal control (SOC), which yields the exact condi-
tional drift as the solution of an optimization problem (under certain assumptions) and
in such a setting, (8.10) can be understood as a approximation of the control problem.

Setup. We have a pre-trained unconditional generative SDE

dXt = bt(Xt) dt+ σt dWt, X0 ∼ π0 = N (0, Id), (9.1)

with Law(X1) = π1 (the data distribution π). Examples include the reverse SDE (6.4)
(after time-reversal) and the SDE family (7.12). The real goal is to sample from the
tilted distribution

πR
1 (x) ∝ π1(x) exp

(
R(x)

)
, (9.2)

where R : Rd → R is a reward (or the negative log-likelihood logP (y | x) in Bayesian
inference for a fixed observation y). By itself, (9.1) samples π1, not πR

1 .

Steering via a control. Add a control term ut : Rd → Rd to the drift and consider
the controlled SDE :

dXu
t =

(
bt(X

u
t ) + σt ut(X

u
t )
)
dt+ σt dWt, Xu

0 ∼ π0, (9.3)

parameterized so that taking ut ≡ 0 recovers (9.1). The question becomes: what control
ut steers (9.3) so that Law(Xu

1 ) = πR
1 ? The guidance correction ft(x, y) in (8.10) is one

approximation answer; SOC provides a principled framework.

9.2 The Stochastic Optimal Control Problem

Cost functional. Consider the SOC problem

min
ut

∫ 1

0

1
2 E
[
∥ut(Xu

t )∥22
]
dt − E[R(Xu

1 )] s.t. (9.3), (9.4)

which combines a running cost (the L2 control energy) with a terminal reward R(Xu
1 ).

Why this cost? The running cost penalizes deviation from the uncontrolled process,
keeping Xu

t close in distribution to Xt; the terminal cost rewards trajectories ending in
high-R regions. We will see in Section 9.5 that 1

2

∫ 1
0 E∥ut∥22 dt is exactly DKL(Pu ∥P),

the path-space KL divergence between the controlled and uncontrolled measures. The
SOC problem (9.4) is therefore a KL-regularized maximization of E[R].
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9.3 Value Function and Dynamic Programming

Value function. Define the cost-to-go starting from state x at time t:

Vt(x) := min
u

E
[
1
2

∫ 1

t
∥us(Xu

s )∥22 ds−R(Xu
1 )
∣∣∣Xu

t = x

]
, (9.5)

so that V1(x) = −R(x) is the terminal condition.

Proposition 9.1 (Dynamic programming). For ∆t > 0,

Vt(x) = min
ut

E
[
1
2

∫ t+∆t

t
∥us(Xu

s )∥22 ds+ Vt+∆t(X
u
t+∆t)

∣∣∣Xu
t = x

]
. (9.6)

The proof is the standard splitting of the cost integral at t+∆t and using the Markov
property of the controlled SDE.

9.4 The Hamilton–Jacobi–Bellman Equation

Heuristic derivation. Send ∆t → 0 in (9.6). Expanding Vt+∆t(X
u
t+∆t) via Itô’s

formula along the controlled SDE (9.3):

Vt+∆t(X
u
t+∆t) ≈ Vt(x) + ∂tVt(x)∆t+∇Vt(x) ·∆x+ 1

2σ
2
t ∆Vt(x)∆t+O

(
(∆t)2

)
,

where ∆x = (bt(x)+σtut(x))∆t+σt∆Wt and E[∆x] = (bt+σtut)∆t. Substituting into
(9.6) and dividing by ∆t:

0 = min
ut

[
1
2∥ut(x)∥

2
2 + ∂tVt(x) +∇Vt(x) ·

(
bt(x) + σtut(x)

)
+ 1

2σ
2
t ∆Vt(x)

]
. (9.7)

The minimization over ut is pointwise and quadratic, with minimizer

u∗t (x) = −σt∇Vt(x). (9.8)

Substituting (9.8) back into (9.7) eliminates the minimization and gives the Hamilton–
Jacobi–Bellman (HJB) equation.

Proposition 9.2 (Optimal control and HJB). The optimal control is u∗t (x) = −σt∇Vt(x),
and the value function Vt satisfies the HJB equation

∂tVt(x) + bt(x) · ∇Vt(x)− 1
2σ

2
t ∥∇Vt(x)∥22 + 1

2σ
2
t ∆Vt(x) = 0, V1(x) = −R(x). (9.9)

Remark 9.3. The HJB equation is a nonlinear PDE due to the ∥∇Vt∥2 term, reflecting
the optimization over u. The Cole–Hopf transformation Vt(x) = − log Φt(x) linearizes it:
Φt then satisfies a linear (backward) heat equation, the Feynman–Kac representation of
which connects Φt to the unconditional process (9.1). This linearization is the foundation
of the SMC and twisted particle methods discussed in Section 8.3.
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9.5 Characterizing the Distributions via Girsanov’s Theorem

The remaining question is: what is the law of Xu∗
1 under the optimal control? We answer

it via the Girsanov change of measure.

Path measures. Let P denote the path measure of the uncontrolled process {Xs : 0 ≤
s ≤ 1} from (9.1), and Pu the path measure of the controlled process {Xu

s : 0 ≤ s ≤ 1}
from (9.3).

Discrete-time intuition. Discretize: Xtn+1 = Xtn + btn∆t+ σtn(Wtn+1 −Wtn) with
grid 0 = t0 < · · · < tN = 1. The Markov factorization gives

P(X) ≈ p(Xt0)
∏
k

p(Xtk | Xtk−1
), Pu(X) ≈ p(Xt0)

∏
k

pu(Xtk | Xtk−1
),

where the conditional densities are Gaussian:

p(Xtk | Xtk−1
) =

1

(2πσ2
tk−1

∆t)d/2
exp

(
−
∥Xtk −Xtk−1

− btk−1
∆t∥2

2σ2
tk−1

∆t

)
,

pu(Xtk | Xtk−1
) =

1

(2πσ2
tk−1

∆t)d/2
exp

(
−
∥Xtk −Xtk−1

− (btk−1
+ σtk−1

utk−1
)∆t∥2

2σ2
tk−1

∆t

)
.

Computing the log-ratio and summing:

log
Pu

P
(X) ≈

∑
k

[
−1

2∥utk−1
∥22∆t+ 1

σtk−1
(Xtk −Xtk−1

− btk−1
∆t) · utk−1

]
.

Continuous-time limit. Sending ∆t → 0 formally, the second sum in the discrete
log-ratio becomes a path integral involving dXt:

log
dPu

dP
(X) = −1

2

∫ 1

0
∥ut(Xt)∥22 dt+

∫ 1

0

1

σt
(dXt − bt(Xt) dt) · ut(Xt). (9.10)

This is the Radon–Nikodym density of Pu with respect to P, evaluated on a path X[0,1].
The expression (9.10) makes no reference to which measure the path X is sampled from;
it is a function of the path. The interpretation is determined by the measure under
which we take expectations.

Evaluating along the controlled process. We pick X = Xu as the controlled
process with law Pu, satisfying (9.3). Then dXu

t − bt(X
u
t ) dt = σtut(X

u
t ) dt + σt dWt,

where Wt is a Brownian motion under Pu. Substituting into (9.10):

1

σt
(dXu

t − bt(X
u
t ) dt) · ut(Xu

t ) = ∥ut(Xu
t )∥22 dt+ ut(X

u
t ) · dWt,
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so

log
dPu

dP
(Xu) = 1

2

∫ 1

0
∥ut(Xu

t )∥22 dt+
∫ 1

0
ut(X

u
t ) · dWt. (9.11)

Taking expectation under Pu, the stochastic integral
∫ 1
0 ut · dWt has mean zero (Itô

integral against a Pu-Brownian motion):

Theorem 9.4 (Girsanov / KL of path measures). Under suitable integrability conditions
(e.g., Novikov), the Radon–Nikodym density of Pu with respect to P is given by (9.10),
and

DKL(Pu ∥P) = EPu

[
log

dPu

dP
(Xu)

]
= 1

2

∫ 1

0
EPu[∥ut(Xu

t )∥22
]
dt. (9.12)

Remark 9.5 (Evaluating along the uncontrolled process). Alternatively, picking X as
the uncontrolled process under P (so dXt − bt(Xt) dt = σt dWt) gives

log
dPu

dP
(X) = −1

2

∫ 1

0
∥ut(Xt)∥22 dt+

∫ 1

0
ut(Xt) · dWt,

with sign opposite to (9.11). This form is useful for importance-sampling computa-
tions: to estimate EPu

[Φ(X)] by sampling from P, reweight by dPu/dP evaluated along
uncontrolled paths.

9.6 Connection to Sampling: KL-Control Duality

KL-control duality. Combining the SOC problem (9.4) with the path-KL formula
(9.12):

min
u

[
DKL(Pu ∥P)− EPu

[R(Xu
1 )]
]
= min

u
DKL

(
Pu ∥PR

)
+ const, (9.13)

where PR is the path measure characterized by the Radon–Nikodym density

dPR

dP
(X[0,1]) =

eR(X1)

EP[eR(X1)]
. (9.14)

The terminal marginal of PR is precisely the desired tilted target:

LawPR(X1) ∝ π1(x) e
R(x) = πR

1 (x). (9.15)

Thus, SOC can be thought of as KL optimization in the path space, namely variational
inference in the path space.

Subtlety: the initial-distribution constraint. However, the controlled SDE (9.3)
constrains Xu

0 ∼ π0 = N (0, Id), and the SOC problem (9.4) therefore minimizes (9.13)
only over path measures Pu with this fixed initial marginal. The path measure PR in
(9.14) does not have X0 ∼ N (0, Id) in general: the tilting by eR(X1) couples X1 to X0

through the joint P, so its X0-marginal is

LawPR(X0) ∝ π0(x0)EP[e
R(X1) | X0 = x0],

which differs from π0 unless EP[e
R(X1) | X0] is constant in X0 — typically not the case,

since X0 is informative about X1 under the generative dynamics.
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Consequence. The constrained SOC problem therefore does not produce Pu = PR,
and the law of Xu∗

1 under the constrained optimal control is in general not exactly πR
1 .

This work of Domingo-Enrich, Drozdzal, Karrer & Chen (2024) [28] show that exact
sampling from πR

1 requires a special noise schedule (“memoryless” noise) so that X0

becomes informationally decoupled from X1 along the controlled path; only then does
the constrained optimum coincide with PR and yield Law(Xu∗

1 ) = πR
1 . Without this

modification, the SOC solution provides a high-quality but slightly biased approximation
to πR

1 .

Remark 9.6 (Memoryless noise schedule). The fix is to choose σt large enough so that
the controlled process forgets X0 before reaching t = 1. Concretely, when the uncondi-
tional SDE (9.1) is constructed so that EP[e

R(X1) | X0 = x0] is independent of x0 (the
memoryless condition), the constrained KL-minimization attains Pu = PR and the SOC
solution samples exactly from πR

1 . See [28] for the precise formulation.
We note that for score-based diffusion models based on time reversal of Langevin, the

SDE automatically uses the memoryless schedule due to the ergodicity of the forward
noising diffusion, which implies that the noise and target are independently coupled.

Connection to guidance. The optimal drift in (9.3) under u∗ is

bt(x) + σtu
∗
t (x) = bt(x)− σ2

t ∇Vt(x),

which has the same affine-in-correction structure as the guided drift (8.11): the guidance
term ft(x, y) plays the role of −σt∇Vt(x) (up to the SDE-family prefactor), and the
guidance approximation (8.9) corresponds to taking

Vt(x) ≈ − log p1
(
y | E[X1 | It = x]

)
.

9.7 Pathwise Gradient and the Adjoint Equation

There are two natural strategies for solving the SOC problem (9.4):

(i) Solve the optimality condition directly. The HJB equation (9.9) is the optimal-
ity condition for the SOC problem; given Vt, the optimal control is recovered as
u∗t (x) = −σt∇Vt(x). This requires solving a nonlinear PDE in Rd.

(ii) Optimize the objective directly. Parameterize the control as uθ and minimize the
SOC cost J(θ) by stochastic gradient descent. This requires computing ∇θJ(θ)
along simulated trajectories.

This subsection develops the second route. The key tool is the adjoint equation, which
collapses backpropagation through a simulated trajectory into a single backward ODE
and yields gradients of J with respect to either u (functional gradient) or θ (parameter
gradient).
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Roadmap.

• Section 9.7.1: derive the adjoint recursion in discrete time; this is just reverse-mode
autodiff through Euler–Maruyama, transparent and intuitive.

• Section 9.7.2: take the formal continuum limit to obtain the pathwise adjoint
ODE.

• Sections 9.7.3 and 9.7.4: use the adjoint to express the functional gradient δJ/δu
and the parameter gradient ∇θJ .

• Section 9.7.5: discuss adjoint matching [28], a recent regression-based simplifica-
tion that uses a lean adjoint (dropping all u-dependent terms from the adjoint
ODE to simplify it) and converts the SOC problem into a least-squares loss.

Generalized cost. Throughout this subsection we work with the slightly more general
SOC cost

J(u) := E
[∫ 1

0

(
1
2∥ut(X

u
t )∥22 + ft(X

u
t )
)
dt+ g(Xu

1 )

]
, (9.16)

allowing a state-dependent running cost ft and terminal cost g. The setup of (9.4) is
the special case f ≡ 0 and g = −R.

Notation. We use lowercase x for a generic state argument (so ut(x) is the control as
a function of x and t) and capital Xt for the random state along a trajectory. Gradients
∇ut(x), ∇bt(x), ∇ft(x), etc. denote derivatives with respect to x; when evaluated at
the current trajectory we write ∇ut(Xt) etc.

9.7.1 Discrete Pathwise Adjoint

Discretize (9.3) on the grid 0 = t0 < t1 < · · · < tN = 1 with ∆t = 1/N :

Xk+1 = Xk +
(
bk(Xk) + σk uk(Xk)

)
∆t+ σk

√
∆t ξk, ξk

iid∼ N (0, Id), (9.17)

with feedback control uk(·) = u(·, tk) and shorthand bk = btk , σk = σtk , fk = ftk .

Pathwise adjoint. Freeze the noise sequence {ξk}N−1k=0 . Along this fixed path, the
trajectory {Xj}j≥k is a deterministic function of the state Xk at step k via the recursion
(9.17). Hence the future cost

Ck(x) :=
N−1∑
j=k

(
1
2∥uj(Xj(x))∥2 + fj(Xj(x))

)
∆t+ g(XN (x))

is a deterministic function of the initial state x at step k, where Xj(x) denotes the
trajectory started from Xk = x along the fixed noise sequence. Define the pathwise
adjoint as its gradient evaluated at the actual state:

ak := ∇Ck(Xk). (9.18)

Equivalently, ak is the sensitivity of the path-wise tail cost to a perturbation of Xk.
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Backward recursion. Introduce the per-step running cost ℓt(x) := 1
2∥ut(x)∥

2+ft(x).
Splitting off the k-th term and applying the chain rule,

Ck(x) = ℓk(x)∆t+ Ck+1(Fk(x)),

where Fk(x) := x+ (bk(x) + σkuk(x))∆t+ σk
√
∆t ξk is the one-step Euler map. Differ-

entiating in x and evaluating at Xk:

ak = ∇ℓk(Xk)∆t+∇Fk(Xk)
⊤ ak+1. (9.19)

The one-step Jacobian, from Fk, is

∇Fk(Xk) = I +
(
∇bk(Xk) + σk∇uk(Xk)

)
∆t, (9.20)

where the noise term σk
√
∆t ξk contributes nothing because σk is state-independent.

Substituting into (9.19):

ak = ∇ℓk(Xk)∆t+
(
I + (∇bk(Xk) + σk∇uk(Xk))∆t

)⊤
ak+1, aN = ∇g(XN ).

(9.21)
This recursion is precisely reverse-mode automatic differentiation through the Euler–
Maruyama scheme (9.17).

9.7.2 Continuous Pathwise Adjoint ODE

Rearranging (9.21) as

ak+1 − ak
∆t

= −
[
(∇bk(Xk) + σk∇uk(Xk))

⊤ak+1 +∇ℓk(Xk)
]
+O(∆t),

and sending ∆t→ 0:

Proposition 9.7 (Pathwise adjoint ODE). Along each Brownian path of (9.3), the
pathwise adjoint

at := ∇x

[∫ 1

t
ℓs(Xs(x)) ds+ g(X1(x))

] ∣∣∣∣
x=Xt

, ℓs(x) :=
1
2∥us(x)∥

2 + fs(x),

where Xs(x) denotes the trajectory started from Xt = x along the fixed Brownian path,
satisfies the linear backward ODE

dat
dt

= −
[
(∇bt(Xt) + σt∇ut(Xt))

⊤at +∇ℓt(Xt)
]
, a1 = ∇g(X1). (9.22)

Remark 9.8 (Pathwise vs. adapted: BSDE form). By construction, at is F1-measurable
but not Ft-adapted: it depends on the entire future Brownian path through the trajec-
tory {Xs}s∈[t,1]. Its Ft-projection

ât := E[at | Ft] = ∇xJ(u;Xt, t), (9.23)
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where J(u;x, t) is the cost functional from (9.5) with the min removed, is adapted
(Markov property + interchange of ∇ and E). Applying Itô’s formula to ∇xJ(u;Xt, t)
along the controlled SDE, using the linear Feynman–Kac PDE for J , yields the backward
stochastic differential equation (BSDE)

dât = −
[
(∇bt(Xt) + σt∇ut(Xt))

⊤̂at +∇ℓt(Xt)
]
dt+ Zt dWt, â1 = ∇g(X1), (9.24)

where the martingale coefficient Zt is determined by the martingale representation the-
orem. The drift agrees with the pathwise ODE (9.22); the Zt dWt piece is the price of
forcing adaptedness. The pathwise ODE (9.22) is what one implements via backpropa-
gation through a single simulated trajectory; the BSDE (9.24) is the form for theoretical
analysis (FBSDE methods).

9.7.3 Functional Gradient

We use the pathwise adjoint to compute the gradient of the SOC cost (9.16) with respect
to u as a function. Perturb u→ u+ε δu and let Xε

t denote the controlled trajectory under
the perturbed control. The first-order trajectory variation δXt := ∂εX

ε
t |ε=0 satisfies the

linearized SDE

d(δXt) =
(
∇bt(Xt) + σt∇ut(Xt)

)
δXt dt+ σt δut(Xt) dt, δX0 = 0, (9.25)

with no Itô term, since σt is state-independent. Differentiating (9.16) at ε = 0 (recall
ℓt(x) =

1
2∥ut(x)∥

2 + ft(x)):

dJ

dε

∣∣∣∣
0

= E
[∫ 1

0
⟨ut(Xt), δut(Xt)⟩ dt+

∫ 1

0
∇ℓt(Xt)

⊤δXt dt+∇g(X1)
⊤δX1

]
. (9.26)

The first integral is the direct variation through ut at fixed trajectory; the remaining
two are the indirect variation through δXt.

Adjoint identity. The dynamics (9.22) are designed so that the indirect contribution
collapses. Compute, using (9.22) and (9.25):

d

dt
(a⊤t δXt) = ȧ⊤t δXt + a⊤t

˙δXt

= −
[
(∇bt(Xt) + σt∇ut(Xt))

⊤at +∇ℓt(Xt)
]⊤
δXt

+ a⊤t
[
(∇bt(Xt) + σt∇ut(Xt))δXt + σt δut(Xt)

]
= −∇ℓt(Xt)

⊤δXt + a⊤t σt δut(Xt),

where the (∇b + σ∇u)-terms cancel between the adjoint drift and the linearized state.
Integrating from 0 to 1 with δX0 = 0 and a1 = ∇g(X1):

∇g(X1)
⊤δX1 +

∫ 1

0
∇ℓt(Xt)

⊤δXt dt =

∫ 1

0
⟨σ⊤t at, δut(Xt)⟩ dt. (9.27)

The left side is the indirect contribution in (9.26). Substituting:
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Proposition 9.9 (Functional gradient). The first variation of J along an admissible
perturbation δu is

dJ

dε

∣∣∣∣
0

= E
[∫ 1

0

〈
ut(Xt) + σ⊤t at, δut(Xt)

〉
dt

]
, (9.28)

where at is the pathwise adjoint (9.22). Equivalently, in terms of the law ρut of Xu
t ,

δJ

δu
(x, t) = ρut (x)

[
ut(x) + σ⊤t E[at | Xt = x]

]
.

Remark 9.10 (Recovering HJB optimality). The stationarity condition δJ/δu = 0 reads

u∗t (x) = −σ⊤t E[at | Xt = x] = −σ⊤t ∇xJ(u
∗;x, t) = −σ⊤t ∇Vt(x),

using (9.23) and ∇J(u∗; ·) = ∇V at the optimum. This recovers the HJB optimality
formula (9.8) as a function-space stationarity condition, complementing the dynamic
programming derivation of Theorem 9.2.

9.7.4 Parameter Gradient

For numerical optimization, parameterize the control by a neural network ut(x, θ) with
parameters θ ∈ Rp. The SOC cost becomes J(θ) := J(ut(·, θ)), and we want ∇θJ . The
derivation parallels the functional-gradient case.

Linearized trajectory. Perturb θ → θ + ε δθ and let Xε
t be the trajectory under

the perturbed control ut(·, θ + εδθ). Linearizing (9.3) in ε, the trajectory variation
δXt := ∂εX

ε
t |ε=0 satisfies

d(δXt) =
(
∇bt(Xt) + σt∇xut(Xt, θ)

)
δXt dt+ σt ∂θut(Xt, θ) δθ dt, δX0 = 0, (9.29)

where∇xut(x, θ) ∈ Rd×d is the state Jacobian of ut(·, θ) at fixed θ, and ∂θut(x, θ) ∈ Rd×p

is the parameter Jacobian at fixed (x, t).

Cost variation. The control cost 1
2∥ut(X

ε
t , θ)∥2 depends on ε both through Xε

t and
through ut(·, θ) explicitly. By the chain rule, evaluating at Xt,

d

dε

∣∣∣∣
0

[
1
2∥ut(X

ε
t , θ)∥2

]
= ut(Xt, θ)

⊤[∇xut(Xt, θ) δXt + ∂θut(Xt, θ) δθ
]
,

where the first piece equals ∇x

(
1
2∥ut(x, θ)∥

2
)
|⊤x=Xt

δXt. With ℓt(x) := 1
2∥ut(x, θ)∥

2 +
ft(x),

dJ

dε

∣∣∣∣
0

= E
[∫ 1

0
∇ℓt(Xt)

⊤δXt dt+∇g(X1)
⊤δX1

]
︸ ︷︷ ︸

indirect (through trajectory)

+E
[∫ 1

0
ut(Xt, θ)

⊤∂θut(Xt, θ) δθ dt

]
︸ ︷︷ ︸

direct (through ut)

.

(9.30)
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The indirect term can be handled by the same identity as in Theorem 9.9, with δXt

now driven by δθ via (9.29) instead of by δu via (9.25). Compute, using (9.22) and
(9.29):

d

dt
(a⊤t δXt) = −∇ℓt(Xt)

⊤δXt + a⊤t σt ∂θut(Xt, θ) δθ,

once again with the (∇bt + σt∇xut)-terms cancelling. Integrating with δX0 = 0 and
a1 = ∇g(X1):

∇g(X1)
⊤δX1 +

∫ 1

0
∇ℓt(Xt)

⊤δXt dt =

∫ 1

0
a⊤t σt ∂θut(Xt, θ) δθ dt,

which is exactly the indirect term in (9.30). Substituting and reading off the coefficient
of δθ:

Proposition 9.11 (Parameter gradient). Let ut(x, θ) be a control parameterized smoothly
by θ ∈ Rp. Then

∇θJ(θ) = E
[∫ 1

0
∂θut(Xt, θ)

⊤(ut(Xt, θ) + σ⊤t at
)
dt

]
, (9.31)

where Xt is the trajectory generated under the current control ut(·, θ) and at is the
pathwise adjoint (9.22) along that trajectory.

Direct vs. indirect contributions. Splitting (9.31):

∇θJ(θ) =
1
2 E
[∫ 1

0

∂

∂θ
∥ut(Xt, θ)∥2 dt

]
+ E

[∫ 1

0
∂θut(Xt, θ)

⊤σ⊤t at dt

]
,

where the partial ∂/∂θ in the first term holds Xt fixed. The first piece is the direct
dependence on θ through the running cost 1

2∥ut∥
2; the second is the indirect dependence

through the trajectory. The adjoint state at collapses the entire trajectory backpropa-
gation into a single time-integrated coupling σ⊤t at at each t, so the cost of (9.31) is one
forward simulation plus one backward ODE per gradient evaluation, independent of the
parameter dimension p.

9.7.5 Adjoint Matching as Regression

From parameter gradient to regression loss. The functional form of (9.31) sug-
gests training ut(·, θ) by minimizing the quadratic regression loss

LAM(θ) := 1
2 E
[∫ 1

0

∥∥ut(X̄t, θ) + σ⊤t āt
∥∥2dt] , (9.32)

where the bars on X̄t and āt indicate that, although both are simulated using the current
value of θ on each iteration, they are treated as constants in θ when differentiating:
any implicit dependence through the trajectory and adjoint is dropped, and only the
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explicit θ-dependence in ut(X̄t, θ) contributes to ∇θLAM. In an autodiff framework this
is implemented by a stop_gradient (or .detach()) call applied to X̄t and āt.

Differentiating (9.32) under this convention gives

∇θLAM(θ) = E
[∫ 1

0
∂θut(X̄t, θ)

⊤(ut(X̄t, θ) + σ⊤t āt
)
dt

]
= ∇θJ(θ),

which is exactly (9.31): the barred quantities X̄t and āt have the same numerical values
as the θ-dependent Xt and at (they are the same simulated trajectory and adjoint, just
flagged as constants for autodiff), so the integrands agree pointwise. The reason stopping
gradient through X̄t and āt is correct, rather than throwing away information, is that
the chain-rule contribution from the implicit θ-dependence of the trajectory has already
been absorbed into the σ⊤t at term by the adjoint identity (9.27). Differentiating through
X̄t again would double-count that contribution.

(9.32) therefore provides a plain least-squares implementation of the parameter gra-
dient: at each step, simulate the forward and backward passes to obtain (X̄t, āt), treat
them as data, and update θ by stochastic gradient descent on the regression of ut(X̄t, θ)
onto the target −σ⊤t āt.

Lean adjoint. Computing at via (9.22) requires gradients of the control through both
(i) the drift Jacobian σt∇xut(X̄t, θ) and (ii) the running cost ∇

(
1
2∥ut(x, θ)∥

2
)
|x=X̄t

=
∇xut(X̄t, θ)

⊤ut(X̄t, θ). Both involve the state Jacobian of ut(·, θ), a second-order quan-
tity when ut(·, θ) is a neural network of x. The lean adjoint [28] ãt drops all u-dependent
contributions to the adjoint dynamics — both the σt∇xut(X̄t, θ) term in the linearized
drift and the ∇

(
1
2∥ut(·, θ)∥

2
)

term in the running cost — while still running along the
(frozen) controlled trajectory X̄t:

dãt
dt

= −
[
∇bt(X̄t)

⊤ãt +∇ft(X̄t)
]
, ã1 = ∇g(X̄1). (9.33)

The lean dynamics depend on the control only through the trajectory X̄t; the right-hand
side itself contains no u. Replacing āt with ãt in (9.32) preserves u∗ as a critical point
[28]. The savings are substantial: each adjoint step requires only ∇bt (a fixed term from
the base SDE).

57



Week 6 Exercises

1. (HJB via Lagrange multipliers.) Derive the HJB equation (9.9) by treating the
Fokker–Planck equation as a constraint.

Reformulate the SOC problem (9.4) as

min
u,ρu

∫ 1

0

∫
1
2∥ut∥

2
2 ρ

u
t dx dt−

∫
R(x) ρu1(x) dx

subject to the FP equation ∂tρ
u
t + ∇ · (ρut (bt + σtut)) = 1

2σ
2
t∆ρut with ρu0 = π0.

Introduce a Lagrange multiplier λt(x) for this constraint and form the Lagrangian
L[u, ρu, λ].
By integration by parts in t and x, write L in the form

L =

∫ 1

0

∫
ρut Ht(x, ut, λt) dx dt+ boundary terms,

where Ht is a pointwise function. Show that:

(a) Stationarity in ut gives u∗t (x) = σt∇λt(x).

(b) Stationarity in ρut for t ∈ (0, 1), after substituting u∗t , gives a backward PDE for
λt.

(c) The boundary term in t = 1 gives the terminal condition λ1 = R.

Setting Vt = −λt, verify that the equations from (a)–(c) are exactly u∗t = −σt∇Vt and
the HJB equation (9.9). This identifies the value function as the Lagrange multiplier
of the FP constraint (up to sign).

2. (Connection to entropy-regularized RL.) Show that the SOC problem (9.4) is
the continuous-time limit of an entropy-regularized RL problem.

Background on RL. Reinforcement learning studies an agent interacting with an
environment over discrete time steps n = 0, 1, . . . , N . At step n the agent observes
a state sn, samples an action an ∼ πn(· | sn) from a policy πn, and the environment
transitions to a new state sn+1 (in continuous-time control problems, the transition
kernel is determined by the dynamics of the system and is not chosen by the agent).
The agent receives a per-step reward r(sn, an) and a terminal reward rT (sN ). The
goal is to choose π = (π0, . . . , πN−1) to maximize Eπ[

∑
n r(sn, an) + rT (sN )].

In entropy-regularized (or KL-regularized) RL, one fixes a reference policy πref
n (· | s)

and penalizes deviation from it via a KL term:

max
π

Eπ

[
rT (sN ) +

N−1∑
n=0

(
r(sn, an)−DKL

(
πn(· | sn) ∥πref

n (· | sn)
))]

. (9.34)
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This formulation is standard in robotics (where πref is a safe baseline) and in fine-
tuning of language models, where πref is a pretrained model and rT is a learned
reward (the standard RLHF setup).

Discretization of the SOC problem. Discretize the controlled SDE (9.3) on a grid
0 = t0 < · · · < tN = 1 with step ∆t. At each step, the controlled and uncontrolled
transition kernels are Gaussian:

qu(x′ | x) = N (x′; x+(bt+σtut)∆t, σ2
t∆t Id), q(x′ | x) = N (x′; x+bt∆t, σ2

t∆t Id).

View qu as a policy and q as a reference policy.

(a) Show that DKL(q
u(· | x) ∥ q(· | x)) = 1

2∥ut(x)∥
2
2∆t.

(b) Conclude that the SOC running cost
∫ 1
0

1
2E∥ut∥

2
2 dt is the continuous-time limit

of
∑

n E[DKL(q
u(· | Xtn) ∥ q(· | Xtn))] — a sum of per-step KL penalties between

the policy and reference, i.e. the entropy-regularization term in (9.34).

(c) Compare the SOC objective (9.4) (a minimization) with the RL objective (9.34)
(a maximization). Multiply the SOC objective by −1 to convert it into a max-
imization:

max
u

E
[
R(Xu

1 )
]
−
∫ 1

0

1
2E∥ut∥

2
2 dt.

Using (b), the running cost is the continuous-time limit of
∑

n E[DKL(q
u ∥ q)].

Match this term-by-term against (9.34) to obtain the dictionary

sn ↔ Xtn , πn ↔ qu, πref
n ↔ q, rT ↔ R, r ↔ 0.

The per-step reward r vanishes because the SOC running cost contains only the
KL term and no reward term inside the time integral; the entire reward signal
is concentrated at the terminal time t = 1 via R(Xu

1 ).

The conclusion is that fine-tuning a generative model to a tilted target π1 exp(R)
via SOC is structurally the same problem as fine-tuning a reference policy with KL-
regularized RL (the standard RLHF setup), and methods developed for one translate
directly to the other.

3. (REINFORCE / score-function gradient.) The pathwise adjoint of Section 9.7
requires backpropagating through the simulated SDE, which in particular needs ∇g
and ∇ft — the gradients of the terminal and running cost in x. In many applica-
tions (e.g. reward fine-tuning where g is a non-differentiable preference score, or a
black-box simulator output) those gradients are unavailable. The score-function or
REINFORCE estimator computes ∇θJ using only function evaluations of the cost,
by moving the gradient onto the sampling density.
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(a) REINFORCE in basic RL. For a single-step decision problem with action
a ∼ πθ(·) and reward r(a), derive the score-function identity

∇θ Ea∼πθ
[r(a)] = Ea∼πθ

[
r(a)∇θ log πθ(a)

]
, (9.35)

by writing the expectation as an integral and differentiating under the integral sign.
Observe that r enters only through evaluations, not through its gradient. For a
multi-step MDP with trajectory τ = (s0, a0, s1, a1, . . . , sT ), joint density pθ(τ) =
p(s0)

∏
n πθ(an | sn) p(sn+1 | sn, an), and total reward R(τ) =

∑
n r(sn, an), show

that
∇θ Eτ∼pθ [R(τ)] = Eτ∼pθ

[
R(τ)

∑
n

∇θ log πθ(an | sn)
]
,

where the transition density p(sn+1 | sn, an) contributes nothing because it does not
depend on θ.

(b) Discrete-time SOC via the score trick. Apply REINFORCE to the dis-
cretized SOC problem on the grid 0 = t0 < · · · < tN = 1 with the Euler–Maruyama
scheme (9.17). Show that the joint trajectory density is

pθ(X0:N ) = π0(X0)
N−1∏
k=0

N
(
Xk+1; Xk + (bk(Xk) + σkutk(Xk, θ))∆t, σ2

k∆t I
)
,

and compute that the per-step score is

∇θ log pθ(Xk+1 |Xk) = ∂θutk(Xk, θ)
⊤ Xk+1 −Xk − (bk(Xk) + σkutk(Xk, θ))∆t

σk
(9.36)

which can be written as ∂θutk(Xk, θ)
⊤√∆t ξk.

Hence, separating the direct dependence of the cost on θ from the indirect dependence
through the law of X0:N ,

∇θJ(θ) = E

[
N−1∑
k=0

∂θutk(Xk, θ)
⊤utk(Xk, θ)∆t+Φ(X0:N )

N−1∑
k=0

∂θutk(Xk, θ)
⊤√∆t ξk

]
,

(9.37)
where Φ(X0:N ) :=

∑
k

(
1
2∥uk∥

2+ fk
)
∆t+ g(XN ) is the path cost. Note that Φ enters

only through evaluations, never through gradients.

(c) Continuous limit. Send ∆t → 0 in (9.37). Show that the score becomes a
stochastic integral,

N−1∑
k=0

∂θutk(Xk, θ)
⊤√∆t ξk −→

∫ 1

0
∂θut(Xt, θ)

⊤ dWt,

yielding the continuous-time REINFORCE estimator

∇θJ(θ) = E
[∫ 1

0
∂θut(Xt, θ)

⊤ut(Xt, θ) dt+Φ(X)

∫ 1

0
∂θut(Xt, θ)

⊤ dWt

]
, (9.38)
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where Φ(X) =
∫ 1
0 ℓt(Xt) dt + g(X1). Compare with the pathwise adjoint formula

(9.31): the direct term agrees, while the σ⊤t at piece, which captures the trajectory-
wise sensitivity through backward simulation, is here replaced by the return Φ(X)
multiplied by the (forward-only) score

∫
∂θut(Xt, θ)

⊤dWt. In particular, computing
(9.38) requires no backward pass and no gradient of g or ft; only their values along
the trajectory are needed.

(d) Girsanov derivation. Re-derive (9.38) directly in continuous time using Gir-
sanov’s theorem. Let P be the law of the uncontrolled base process dXt = bt(Xt) dt+
σt dW

P
t and let Pθ be the law of the controlled process. The score for the parametric

family {Pθ} relative to the fixed reference P is

∇θ log pθ(X) = ∇θ log
dPθ

dP
(X),

which is a path functional, well-defined for any path X.

We compute this score for a generic path X, then specialize to X = Xθ. From (9.10),
the log Radon–Nikodym density expressed as a path functional is

log
dPθ

dP
(X) =

∫ 1

0
ut(Xt, θ)

⊤σ−1t (dXt − bt(Xt) dt)− 1
2

∫ 1

0
∥ut(Xt, θ)∥2 dt,

where σ−1t (dXt − bt dt) denotes the path-data expression for the driving noise (and
reduces to dW P

t under P or to ut(Xt, θ) dt + dW Pθ

t under Pθ). Holding the path X
fixed and differentiating in θ:

∇θ log
dPθ

dP
(X) =

∫ 1

0
∂θut(Xt, θ)

⊤σ−1t (dXt − bt dt)−
∫ 1

0
∂θut(Xt, θ)

⊤ut(Xt, θ) dt.

Now specialize to the controlled path: Xt = Xθ
t satisfies dXθ

t −bt dt = σtut(X
θ
t , θ) dt+

σt dW
Pθ

t , so σ−1t (dXθ
t − bt dt) = ut(X

θ
t , θ) dt + dW Pθ

t . Substituting, the cross-terms∫
∂θut(X

θ
t , θ)

⊤ut(X
θ
t , θ) dt cancel and

∇θ log
dPθ

dP

∣∣∣∣
Xθ

=

∫ 1

0
∂θut(X

θ
t , θ)

⊤ dW Pθ

t . (9.39)

This is a martingale, hence has zero mean under Pθ, as a score should.

The standard score-function identity then yields, for any path functional Φθ depend-
ing on θ both directly (through the integrand) and indirectly (through the law of
X),

∇θEPθ
[Φθ] = EPθ[∇θΦθ

]
+ EPθ[

Φθ · ∇θ log pθ(X
θ)
]
.

Applying this with Φθ =
∫ 1
0 ℓt(Xt) dt+g(X1), using∇θΦθ =

∫ 1
0 ∂θut(Xt, θ)

⊤ut(Xt, θ) dt
(only 1

2∥ut(Xt, θ)∥2 contributes a direct gradient), and substituting (9.39) recovers
(9.38).
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(e) Variance. Argue heuristically why the REINFORCE estimator (9.38) typically
has higher variance than the pathwise adjoint estimator (9.31): in REINFORCE the
entire return Φ(X) multiplies a stochastic integral, whereas in the pathwise adjoint
the local sensitivity σ⊤t at isolates the contribution of each time slice. The trade-off
between score-function and pathwise gradient estimators is the central design choice
in policy-gradient reinforcement learning.
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10 Sampling as Optimization in Probability Space

The SOC formulation of Section 9 cast generative sampling as an optimization problem
on a space of path measures : minimize a KL divergence subject to dynamical constraints.
The same idea applies more broadly. Most modern sampling algorithms can be under-
stood as instances of optimization on the space P(Rd) of probability measures, with
the target π playing the role of the minimizer of an energy functional. The following
dictionary will guide the narrative in this section:

Optimization on Rd Sampling on P(Rd)

gradient descent Langevin dynamics
heavy-ball / Nesterov momentum underdamped Langevin
preconditioned methods (Newton, preconditioned samplers

natural gradient) (Riemannian Langevin/HMC, ensemble)

This section walks through each row, with concrete examples to build intuition. We
do not aim for full proofs — many of the rate results require nontrivial technical work
— but we will state the key formulas, work through a few revealing special cases (mostly
involving Gaussians, where everything is computable), and explain why each algorithm
earns its place in the table.

10.1 Langevin as KL Minimization

We begin on the optimization side, recall the gradient-flow viewpoint together with its
proximal and preconditioned variants, and then transport the entire picture to probabil-
ity space via the Wasserstein metric. The end result is a clean identification of Langevin
dynamics as Wasserstein gradient flow of KL divergence, with the log-Sobolev inequality
playing the role of the Polyak–Łojasiewicz condition.

10.1.1 Optimization on Rd and gradient flows

Let V : Rd → R be smooth and (for concreteness) α-strongly convex, with unique
minimizer x∗. The simplest discrete iteration,

xk+1 = xk − h∇V (xk), (10.1)

is the forward-Euler discretization of the gradient-flow ODE

ẋt = −∇V (xt). (10.2)

Under α-strong convexity, d
dt∥xt − x∗∥2 = 2(xt − x∗) · (−∇V (xt)) ≤ −2α∥xt − x∗∥2, so

by Grönwall ∥xt − x∗∥2 ≤ e−2αt∥x0 − x∗∥2.
A second route to the same flow is the proximal or backward-Euler scheme

xk+1 = arg min
y∈Rd

[
V (y) + 1

2h ∥y − xk∥2
]
. (10.3)
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The first-order condition gives the implicit update xk+1 = xk − h∇V (xk+1), which is
backward Euler for (10.2). Both (10.1) and (10.3) limit to the gradient flow (10.2)
as h → 0. The difference matters when h > 0: forward Euler is explicit (cheap per
step) but requires h ≲ 1/L for stability when ∇2V ⪯ LI, while the proximal scheme is
unconditionally stable in h at the cost of solving an optimization problem each step.

Preconditioning via a non-Euclidean metric. The Euclidean norm in (10.3) is a
choice. Replacing it by ∥y−xk∥2M := (y−xk)

⊤M(y−xk) for some M ≻ 0 produces the
preconditioned proximal scheme

xk+1 = argmin
y

[
V (y) + 1

2h ∥y − xk∥2M
]
, (10.4)

with first-order condition∇V (xk+1)+
1
hM(xk+1−xk) = 0, i.e. xk+1 = xk−hM−1∇V (xk+1).

The continuous-time limit is the preconditioned flow

ẋt = −M−1∇V (xt). (10.5)

Choosing M = ∇2V (xk) locally recovers Newton’s method; matching M to the global
curvature of V removes anisotropy. The point worth recording is that the metric in the
proximal step determines the gradient flow : a different metric gives a different flow, with
the same equilibrium x∗ but different trajectories and convergence constants.

10.1.2 Transport to probability space

We now transport this picture to sampling. The state is no longer a point x ∈ Rd

but a probability measure µ ∈ P(Rd); the role of the objective V is played by the KL
divergence to the target,

F(µ) := DKL(µ ∥π) , argmin
µ
F(µ) = π, (10.6)

attained uniquely at π where F(π) = 0. The minimum encodes all information about
the target.

For the proximal scheme to make sense on P(Rd) we need a metric. The natural
choice is the Wasserstein-2 distance W2 (Theorem 4.3). With this choice, (10.3) becomes
the JKO scheme [41]:

µk+1 = argmin
µ

[
DKL(µ ∥π) + 1

2h W 2
2 (µ, µk)

]
. (10.7)

This is the probability-space analogue of (10.3), with DKL(· ∥π) in place of V and W 2
2 /2h

in place of ∥ · −xk∥2/2h.

Solving JKO infinitesimally. The aim is to identify a continuous-time flow as the
h → 0 limit of (10.7). We approximate both terms in (10.7) to first order in h around
µk.
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The minimizer µk+1 in (10.7) is close to µk for small h, so we parametrize it as
the pushforward of µk along an infinitesimal displacement field hv for some velocity
v : Rd → Rd:

µk+1 = (I + hv)#µk. (10.8)

The pair (µk, v) then sweeps out a curve µ
(lin)
t = (I + tv)#µk for t ∈ [0, h] joining µk to

µk+1, satisfying the continuity equation ∂tµ
(lin)
t +∇· (µ(lin)

t v) = 0 at t = 0.
Approximating W 2

2 . The cost of moving every particle of µk along the displacement
hv is Eµk

[∥hv(X)∥2] = h2
∫
∥v∥2 dµk. Since W 2

2 is the minimum transport cost between
µk and µk+1, and the displacement (10.8) provides one admissible transport,

W 2
2 (µk+1, µk) ≤ h2

∫
∥v(x)∥2 dµk(x); (10.9)

infinitesimally this inequality is an equality (the displacement is optimal to leading
order), and we will treat it as such. The right-hand side is a quadratic form in v, the
squared L2(µk) norm; intuitively the kinetic energy needed to displace µk to µk+1.

Approximating DKL(µ ∥π). Differentiating µ
(lin)
t at t = 0:

DKL(µk+1 ∥π) ≈ DKL(µk ∥π) + h

∫ (
log(µk/π) + 1

)
∂tµ

(lin)
t

∣∣
t=0

dx,

using δDKL(µ ∥π) =
∫
(log(µ/π)+1) δµ dx. The perturbation is ∂tµ

(lin)
t |t=0 = −∇·(µkv).

Integration by parts (the constant +1 drops since
∫
∇· (µkv) dx = 0):

DKL(µk+1 ∥π) ≈ DKL(µk ∥π) + h

∫
∇ log(µk/π) · v dµk. (10.10)

This is linear in v and identifies ∇ log(µk/π) as the “gradient” of DKL(· ∥π) at µk in the
L2(µk)-pairing.

The quadratic problem. Substituting (10.9) and (10.10) into the JKO objective:

DKL(µk+1 ∥π)+ 1
2hW

2
2 (µk+1, µk) ≈ DKL(µk ∥π)+h

∫
∇ log(µk/π)·v dµk+

h
2

∫
∥v∥2 dµk,

a strictly convex quadratic in v over L2(µk). Pointwise stationarity in v(x) gives

v(x) = −∇ log(µk/π)(x). (10.11)

From the proximal step to Fokker–Planck. Substituting (10.11) into the conti-
nuity equation and letting h→ 0 (µk → µt, µk+1 → µt+dt):

∂tµt +∇· (µtvt) = 0, vt = −∇ log(µt/π).

Writing π ∝ e−V so ∇ log π = −∇V , expanding ∇ logµt = (∇µt)/µt, and simplifying:

∂tµt = ∇· (µt∇V ) + ∆µt, (10.12)

which is the Fokker–Planck equation for the Langevin SDE

dXt = −∇V (Xt) dt+
√
2 dWt. (10.13)
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Proposition 10.1 (Langevin = Wasserstein gradient flow). For π ∝ e−V , the law µt

of the Langevin SDE (10.13) is the small-step limit of the JKO scheme (10.7): the
velocity field driving the continuity equation is the L2(µt)-steepest-descent direction for
DKL(· ∥π), namely vt = −∇ log(µt/π).

The construction parallels the Euclidean case term-by-term: proximal step (10.3)↔
JKO (10.7); quadratic penalty ∥y−xk∥2↔ infinitesimal transport cost

∫
∥v∥2dµk (10.9);

linearization of V around xk ↔ linearization of DKL(· ∥π) around µk (10.10); minimizer
−∇V (xk) ↔ minimizer −∇ log(µk/π) (10.11); flow ẋ = −∇V ↔ Fokker–Planck.

Identifying the metric tensor. The parallel goes further: just as the Euclidean
preconditioned flow (10.5) reads ẋ = −M−1∇V (x), the Wasserstein flow has the same
structural form once we identify the metric tensor explicitly. Velocity fields and density
perturbations are related by the continuity equation: a perturbation δµ generated by a
potential-field velocity v = ∇ϕ satisfies δµ = −∇· (µ∇ϕ). Define the elliptic operator

Lµ := −∇· (µ∇ ·), (10.14)

acting on smooth scalar potentials. The map ϕ 7→ δµ = Lµϕ is the bijection between
potentials and tangent vectors at µ, and the W2 inner product on velocities can be
written as ∫

∇ϕ1 · ∇ϕ2 dµ =

∫
ϕ1 Lµϕ2 dx = ⟨ϕ1,Lµϕ2⟩L2 ,

showing that Lµ is the W2 metric tensor in the potential representation. The Fokker–
Planck equation can then be written as

∂tµt = −Lµt

[
log(µt/π)

]
, (10.15)

where log(µt/π) is the L2(dx) first variation of DKL(· ∥π) at µt. Compare with (10.5):
ẋ = −M−1∇V . The elliptic operator Lµ plays the role of M−1 — the inverse metric —
while log(µ/π) plays the role of ∇V , the bare first variation. Both flows are “precondi-
tioned” steepest descents on their objective, with the preconditioner determined by the
metric: constant M on Rd; the position-dependent Lµ = −∇· (µ∇ ·) on P(Rd). The
formal perspective is brought by Otto [54]. Discussions of other metric tensors one may
refer to [19].

10.1.3 Convergence rate: log-Sobolev as Polyak–Łojasiewicz

In Euclidean optimization with α-strongly convex V , the Polyak–Łojasiewicz (PL) in-
equality

V (x)− V (x∗) ≤ 1
2α ∥∇V (x)∥2 (10.16)

holds and, combined with the dissipation identity d
dtV (xt) = −∥∇V (xt)∥2 along (10.2),

yields by Grönwall

V (xt)− V (x∗) ≤ e−2αt
(
V (x0)− V (x∗)

)
.
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The sampling analogue is the log-Sobolev inequality : π satisfies LSI with constant
α > 0 if for all µ,

DKL(µ ∥π) ≤ 1
2α Eµ

[
∥∇ log(µ/π)∥2

]
. (10.17)

The right-hand side is 1
2α

∫
∥v∥2dµ with v = ∇ log(µ/π) the JKO-velocity field (10.11),

so LSI is exactly the PL inequality “F(µ) ≤ 1
2α∥v∥

2
L2(µ)” in the W2 geometry. Combined

with the dissipation identity along the WGF, d
dtDKL(µt ∥π) = −Eµt [∥∇ log(µt/π)∥2] =

−∥vt∥2L2(µt)
, LSI yields exponential decay:

DKL(µt ∥π) ≤ e−2αtDKL(µ0 ∥π) . (10.18)

When does π satisfy LSI? The Bakry–Émery criterion gives LSI with constant α
whenever V is α-strongly convex — so e.g. Gaussians and strongly log-concave posteriors.
Beyond strong convexity, LSI is preserved under bounded perturbations. Thus, mixtures
and other mild non-log-concave perturbations still admit LSI, though with a constant
that degrades with the perturbation size. We mention that for a different, Fisher-Rao
metric, the PL inequality holds under much milder conditions for the distributions; see
[13].

Worked example: Gaussian target. Take π = N (0, I) on Rd, so V (x) = 1
2∥x∥

2 is
1-strongly convex; this means α = 1. Initialize at µ0 = N (m0,Σ0). The Langevin SDE
preserves Gaussianity: µt = N (mt,Σt) with the moment ODEs

ṁt = −mt, Σ̇t = −2Σt + 2I, (10.19)

obtained directly from Itô’s formula. Solving:

mt = e−tm0, Σt = e−2tΣ0 + (1− e−2t)I. (10.20)

Mean decays at rate 1; covariance approaches I at rate 2. The KL between two Gaussians
is DKL(N (m,Σ) ∥N (0, I)) = 1

2

(
trΣ − d − log detΣ + ∥m∥2

)
; substituting (10.20) and

expanding verifies DKL(µt ∥π) = O(e−2t), matching the LSI rate (10.18) with α = 1.
For an anisotropic target π = N (0,Λ−1) with Λ = diag(λ1, . . . , λd), the dynamics

decouple into d independent 1D systems. The i-th coordinate satisfies ṁi = −λimi,
Σ̇ii = −2λiΣii + 2, contracting at rate λi. The global mixing rate in W2 is set by the
slowest direction λmin: equilibration takes continuous time ≍ 1/λmin, and we will see in
the next subsection that this becomes the condition number κ = λmax/λmin in discrete
iteration counts.

10.2 Acceleration in Optimization

Once Langevin is recognized as a gradient flow, it is natural to ask whether sampling
admits an analogue of accelerated optimization. Momentum methods (Polyak heavy ball,
Nesterov) improve the mixing time on κ-conditioned strongly convex problems from κ
to
√
κ. The sampling analogue — underdamped Langevin — is expected to achieve

the same square-root improvement, and on Gaussian targets the calculation is short,
closed-form, and worth working out in full.
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10.2.1 Momentum in continuous-time optimization

The Polyak heavy-ball iteration xk+1 = xk−h∇V (xk)+µ(xk−xk−1) has continuous-time
limit (under the scaling γ = (1− µ)/

√
h)

ẍt + γ ẋt +∇V (xt) = 0, (10.21)

a damped Newtonian equation with friction γ in potential V . We use heavy ball because
its ODE has constant coefficients and admits a clean closed-form spectral analysis; the
closely related Nesterov acceleration is discussed briefly later.

For the 1D quadratic V (x) = λ
2x

2, (10.21) is the linear oscillator

ẍt + γ ẋt + λxt = 0,

with characteristic equation ν2 + γν + λ = 0 and roots

ν± = 1
2

(
−γ ±

√
γ2 − 4λ

)
. (10.22)

The asymptotic decay rate of |xt| is |ℜ ν+|, optimized over γ > 0 at γ∗ = 2
√
λ, where

both roots coincide at −
√
λ. Compared to gradient flow ẋ = −λx with rate λ, heavy

ball improves the rate to
√
λ.

Anisotropic quadratic: continuous-time rates. For V (x) = 1
2x
⊤Λx on Rd with

Λ = diag(λ1, . . . , λd), the eigendirections decouple. The slowest mode controls equili-
bration, giving continuous-time convergent times:

Tgradient = 1/λmin, Tmomentum = 1/
√
λmin (at γ∗ = 2

√
λmin). (10.23)

Beyond quadratics: a Lyapunov argument. The spectral analysis is special to
quadratics, but the

√
α rate persists for any α-strongly convex V (recovering α = λ in

the 1D quadratic and α = λmin in the anisotropic case). Writing ξt := xt − x∗ and
choosing γ = 2

√
α, define the augmented energy

E(t) :=
(
V (xt)− V (x∗)

)
+ 1

2

∣∣ẋt +√α ξt
∣∣2. (10.24)

The cross-shift
√
α ξ inside the kinetic term is what closes the dissipation budget. From

(10.21), ẍ+
√
αẋ = −

√
αẋ−∇V , so

Ė = ⟨∇V, ẋ⟩+
〈
ẋ+
√
α ξ, −

√
αẋ−∇V

〉
= −

√
α |ẋ|2 − α ⟨ξ, ẋ⟩ −

√
α ⟨ξ,∇V ⟩.

Adding
√
α E , the α⟨ξ, ẋ⟩ cross terms cancel and

Ė +
√
α E =

√
α
[(
V − V ∗

)
− ⟨∇V, ξ⟩+ α

2 |ξ|
2
]
−
√
α
2 |ẋ|

2 ≤ 0,

where the bracket is ≤ 0 by α-strong convexity at (xt, x
∗). Hence E(t) ≤ E(0) e−

√
α t.

With initial momentum ẋ0 = 0, strong convexity also gives E(0) ≤ 2
(
V (x0) − V (x∗)

)
,

so
V (xt)− V (x∗) ≤ 2

(
V (x0)− V (x∗)

)
e−
√
α t. (10.25)
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From continuous time to iterations. The iteration count of each method, suitably
discretized, is (continuous-time convergence time)/(step size). For gradient descent the
stable forward-Euler step is h ≲ 1/λmax. For heavy ball at the optimal damping γ∗ =
2
√
λmin, every mode is under- or critically damped: the Jacobian eigenvalues at x∗

are ν
(i)
± = −

√
λmin ± i

√
λi − λmin of magnitude

√
λi, with stiffest oscillation frequency√

λmax. A leapfrog-style symplectic-with-friction discretization is linearly stable for h ≲
1/
√
λmax (the oscillator CFL of the leapfrog substep [37]; the friction half-step is the

exact OU map and unconditionally stable), and preserves the continuous-time
√
α rate.

The resulting iteration counts are

Kgradient ≍ κ, Kmomentum ≍
√
κ. (10.26)

The condition number κ = λmax/λmin.
Beyond quadratics, the heavy-ball discretization is more delicate: forward Euler

on (10.21) with constant momentum — the Polyak iteration — can fail to converge
on certain strongly convex but non-quadratic problems [46]. Nesterov’s extrapolated-
gradient update yk = xk+β(xk−xk−1), xk+1 = yk−h∇V (yk) repairs this by evaluating
the gradient at the look-ahead point; from the symplectic perspective of [72, 64, 63], this
update is a structure-preserving discretization of the high-resolution ODE

ẍ+ 2
√
α ẋ+

√
h∇2V (x) ẋ+∇V (x) = 0,

which augments (10.21) by a Hessian-modulated friction of order
√
h. The extra friction

term — invisible at the level of (10.21), is what restores the
√
κ rate beyond quadratics.

10.3 Acceleration in Sampling: Underdamped Langevin

The sampling counterpart introduces a momentum variable Pt ∈ Rd and runs the joint
(X,P ) SDE

dXt = Pt dt,

dPt = −∇V (Xt) dt− γPt dt+
√
2γ dWt.

(10.27)

The invariant measure on (X,P )-space is π(x) ⊗ N (0, I)(p); the marginal in X is the
target π. The drift in X is the momentum (no friction); the drift in P has restoring
force −∇V , friction −γP , and noise

√
2γ dWt in the precise proportion that keeps the

joint Gibbs distribution invariant; see exercise at the end of this section.

Explicit calculation: 1D Gaussian. Take π = N (0, 1/λ), V (x) = λ
2x

2 on R. The
system (10.27) is linear in (X,P ), so all moments satisfy closed ODEs. Write

mt = E[Xt], nt = E[Pt], Σt = Var(Xt), Πt = Var(Pt), Ct = Cov(Xt, Pt).

Means. Taking expectations in (10.27):

ṁt = nt, ṅt = −λmt − γ nt.
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Eliminating nt via nt = ṁt gives

m̈t + γ ṁt + λmt = 0, (10.28)

which is the heavy-ball ODE (10.21). The mean decays at rate |ℜ ν+| from (10.22),
optimized at

√
λ when γ∗ = 2

√
λ.

Second moments. Using Itô’s formula for X2
t , P 2

t , and XtPt in (10.27):

Σ̇t = 2Ct, Π̇t = −2λCt − 2γΠt + 2γ, Ċt = Πt − λΣt − γ Ct.

The stationary point is (Σ∞,Π∞, C∞) = (1/λ, 1, 0), recovering π ⊗ N (0, 1). Writing
Σ′t = Σt − 1/λ, Π′t = Πt − 1 and Ct as deviations from stationarity, the perturbations
satisfy

d

dt

Σ′t
Π′t
Ct

 =

 0 0 2
0 −2γ −2λ
−λ 1 −γ


︸ ︷︷ ︸

A

Σ′t
Π′t
Ct

 .

The characteristic polynomial det(A− νI) = 0 expands to

ν3 + 3γ ν2 + (2γ2 + 4λ) ν + 4γλ = 0.

Substituting ν = −γ gives 0, so the polynomial factors as

(ν + γ)
(
ν2 + 2γ ν + 4λ

)
= 0, (10.29)

with roots ν = −γ and ν = −γ ±
√

γ2 − 4λ. Real parts of the three roots:

• Underdamped γ < 2
√
λ: −γ and −γ ± i

√
4λ− γ2, all with ℜ ν = −γ.

• Overdamped γ > 2
√
λ: the slowest is −γ +

√
γ2 − 4λ with magnitude γ −√

γ2 − 4λ ∼ 2λ/γ for large γ.

• Critical γ = 2
√
λ: (10.29) reduces to (ν + 2

√
λ)3 = 0, a triple root at −2

√
λ.

W2 rate. For 1D Gaussians, W 2
2 (N (m,Σ),N (0, 1/λ)) = m2 + (

√
Σ−

√
1/λ)2. The

mean piece decays at the mean rate |ℜ ν+|; the variance piece decays at the covariance
rate, since

√
Σ−
√
Σ∞ ∼ (Σ−Σ∞)/(2

√
Σ∞) near stationarity. A short check shows the

mean piece dominates, giving

rateW2 =

{
γ/2 γ ≤ 2

√
λ,(

γ −
√
γ2 − 4λ

)
/2 γ > 2

√
λ,

(10.30)

optimized at γ∗ = 2
√
λ with rate

√
λ. Overdamped Langevin dXt = −λXt dt+

√
2 dWt

on the same target has W2 rate λ, so the continuous-time slow-mode rates differ by a
factor

√
λ.
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Anisotropic Gaussian: continuous-time rates. For an anisotropic Gaussian π =
N (0,Λ−1) on Rd with Λ = diag(λ1, . . . , λd), the dynamics decouple. The slowest mode
controls equilibration:

TULA = 1/λmin, Tunder = 1/
√

λmin (at γ∗ = 2
√
λmin). (10.31)

The discretization story parallels the optimization side, and for suitable discretizations,
the underdamped Langevin algorithm has an iteration complexity O(

√
κ), for Gaussian

targets.
For general strongly log-concave targets, whether sampling admits a genuine

√
κ

acceleration — matching the textbook Nesterov rate for optimization — is a longstanding
open question. The first continuous-time accelerated result came from a hypocoercivity
/ PDE analysis of underdamped Langevin dynamics by Cao, Lu and Wang [12], which
was subsequently translated to an improved discrete-time guarantee by Zhang, Chewi,
Li, Balasubramanian and Erdogdu [73]. Closing the remaining gap to the full

√
κ rate, in

discrete time and without restrictive smoothness assumptions, remains an active area;
recent progress includes the shifted-composition framework of Altschuler, Chewi and
Zhang [3].

Why momentum helps, intuitively. Overdamped Langevin is diffusive: traversing
a length ℓ takes time ∼ ℓ2/(diffusion). Underdamped Langevin with friction tuned to the
slow direction is ballistic over short times: traversal time ℓ/∥P∥, controlled by velocity.
Replacing ℓ2 by ℓ along the long axis is the

√
κ gain.

HMC as a variant. Hamiltonian Monte Carlo (HMC) [53] alternates two moves:
deterministic Hamiltonian flow on (X,P ) with H(x, p) = V (x) + 1

2∥p∥
2 for time T > 0

(typically integrated by leapfrog), followed by momentum refresh P ← ξ ∼ N (0, I).
There is no friction during the deterministic phase; dissipation comes entirely from the
refresh. HMC achieves

√
κ-type rates on Gaussian targets via the same mechanism.

10.4 Preconditioning: Metric and Ensembles

Acceleration improves the dependence of condition numbers by changing the order of
the dynamics. Preconditioning attacks the same problem differently: deform the geom-
etry so the target looks isotropic. In Euclidean optimization this includes the Newton
/ natural-gradient family. Two popular routes carry over to sampling: metric precon-
ditioning (specify a metric tensor) and ensemble preconditioning (build a sampler that
automatically adapts to the geometry via interactions within a population).

Recap from Section 10.1: metric preconditioning in optimization. With a con-
stant metric M ≻ 0 the preconditioned gradient flow (10.5) becomes ẋ = −M−1∇V (x).
When V (x) = 1

2x
⊤Λx, choosing M = Λ turns the flow into ẋ = −x, independent of

Λ. The convergent time collapses from κ to O(1) — preconditioning eliminates the
condition number entirely.
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Metric preconditioning in sampling: Riemannian Langevin. The analogous
construction on the sampling side uses a position-dependent metric M(x) ≻ 0:

dXt =
[
−M(Xt)∇V (Xt) +∇·M(Xt)

]
dt+

√
2M(Xt) dWt, (10.32)

where (∇·M)i :=
∑

j ∂jMij is an Itô correction that keeps π invariant; see our exercise.
For constant M the divergence term vanishes: dXt = −M∇V (Xt) dt+

√
2M dWt.

Worked example: anisotropic Gaussian. Let π = N (0,Σ) with Σ = diag(λ1, . . . , λd),
λmax = 1, κ = 1/λmin. Plain Langevin dX = −Σ−1X dt +

√
2 dW has mixing time

≍ κ (slowest mode λmin). Preconditioned Langevin with M = Σ becomes dXt =
−Xt dt +

√
2Σ dWt, exactly plain Langevin in the rescaled coordinates Y = Σ−1/2X

where π becomes N (0, I). Mixing time is O(1) — κ-independent, exactly the optimiza-
tion analogue.

Riemannian Langevin often requires choosing M via inverse Fisher information,
expected Hessian, or local empirical estimates; each comes with computational cost,
positive-definiteness worries, and the Itô correction ∇·M .

10.4.1 Affine invariance: a precise definition

Before describing ensemble methods we make the notion of affine invariance, used loosely
in the previous draft of this section, precise. Let X = (X(1), . . . , X(L)) ∈ (Rd)L denote
an ensemble of L walkers, and consider a Markov process

dXt = b(Xt) dt+ σ(Xt) dWt (10.33)

on (Rd)L targeting the product distribution π⊗L(x) =
∏

ℓ π(x
(ℓ)). Any invertible affine

map
ϕA,c(x) := Ax+ c, A ∈ GL(d), c ∈ Rd, (10.34)

acts on the ensemble coordinate-wise: ΦA,c(X) := (ϕA,c(X
(1)), . . . , ϕA,c(X

(L))).

Definition 10.2 (Affine invariance [34]). The ensemble process (10.33) is affine invari-
ant if, for every invertible affine ϕA,c, the law of ΦA,c(Xt) under the SDE targeting π⊗L

equals the law of the SDE (10.33) run with the same drift and noise functions, but
targeting the pushforward (ϕA,c)#π

⊗L = ((ϕA,c)#π)
⊗L, with the corresponding affine-

transformed initial condition.

Concretely, this requires the drift to transform like a vector field and the diffusion
like a (1, 1)-tensor under ΦA,c:

b(ΦA,c(X)) = Abπ(X)
∣∣
π←(ϕA,c)#π

, σσ⊤(ΦA,c(X)) = Aσσ⊤π (X)A⊤
∣∣
π←(ϕA,c)#π

.

(10.35)
The practical consequence is what makes the definition useful: every member of the
affine orbit {(ϕA,c)#π : A ∈ GL(d), c ∈ Rd} is “the same problem” for the sampler. In
particular, an affine-invariant sampler cannot distinguish N (0,Σ) from N (0, I) for any
Σ ≻ 0: its iteration count on any anisotropic Gaussian is identical to its iteration count
on the isotropic one. This is the sampling analogue of Newton’s method in optimization,
whose iterates are affine-equivariant.
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10.4.2 Ensemble preconditioning: affine invariant ensemble Langevin

How does one design an affine-invariant SDE? The cleanest answer is to build the metric
M from objects that transform covariantly with the ensemble. The empirical mean and
covariance,

X̄(X) :=
1

L

L∑
ℓ=1

X(ℓ), C(X) :=
1

L

L∑
ℓ=1

(
X(ℓ) − X̄

)(
X(ℓ) − X̄

)⊤
, (10.36)

are the simplest such objects: under X 7→ ΦA,c(X),

X̄(ΦA,c(X)) = AX̄(X) + c, C(ΦA,c(X)) = AC(X)A⊤. (10.37)

That is, the empirical mean is affine-equivariant as a point and the empirical covariance
is affine-equivariant as a quadratic form, exactly the transformation rules required by
(10.35) when we use M = C(X) as the preconditioner.

Proposition 10.3 (ALDI: affine-invariant Langevin [31]). Let Xt = (X
(1)
t , . . . , X

(L)
t )

evolve according to the coupled SDE

dX
(ℓ)
t = −C(Xt)∇V (X

(ℓ)
t ) dt +

d+ 1

L

(
X

(ℓ)
t −X̄(Xt)

)
dt +

√
2C(Xt) dW

(ℓ)
t , (10.38)

for ℓ = 1, . . . , L, with {W (ℓ)} independent Brownian motions, L > d, and any matrix
square root

√
2C(Xt). Then:

(i) π⊗L is stationary;

(ii) the dynamics (10.38) is affine invariant in the sense of Definition 10.2.

Equation (10.38) is the ensemble Riemannian Langevin (10.32) applied to each
walker with metric M = C(Xt) shared across the ensemble. The first term is the
preconditioned gradient drift; the third is the corresponding multiplicative noise. The
middle term — the “(d+1)/L” drift — is the Itô correction ∇·M from (10.32), computed
for the empirical-covariance metric on the joint state space (Rd)L: a direct calculation
gives [∇· C(X)]ℓ =

d+1
L (X(ℓ) − X̄), which is what guarantees π⊗L is invariant.

Affine invariance from (10.37). Under X → ΦA,c(X), the four terms of (10.38)
transform consistently:

• Gradient drift: −C(X)∇V (X(ℓ)) → −AC(X)A⊤∇Ṽ (AX(ℓ) + c), where Ṽ is the
potential of (ϕA,c)#π. Since∇Ṽ (ϕA,c(x)) = A−⊤∇V (x), this equals−AC(X)∇V (X(ℓ))
— the A⊤ and A−⊤ cancel, and the new drift is exactly A times the old drift, as
required by (10.35).

• Itô correction: d+1
L (X(ℓ) − X̄)→ d+1

L (AX(ℓ) −AX̄) = A · d+1
L (X(ℓ) − X̄).

• Diffusion:
√

2C(X) dW (ℓ) →
√
2AC(X)A⊤ dW (ℓ), whose covariance is A (2C(X))A⊤

— again the transformation rule (10.35).

Affine invariance is built in by construction; no metric to estimate externally, no inverse
or square root of an explicit preconditioner.
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Affine invariant ensemble samplers The affine-invariant Langevin diffusion of
[31, 30] uses the empirical covariance of the ensemble as the preconditioner M ; ensemble
underdamped Langevin schemes [45] similarly precondition the kinetic dynamics. A re-
cent line of affine-invariant ensemble HMC algorithms [17] combines Goodman–Weare’s
ensemble preconditioning with HMC which achieves O(d1/4) autocorrelation time com-
plexity for any d-dimensional Gaussian distributions.

The classical ancestor of all of these is the affine-invariant stretch move of Goodman–
Weare [34], which is gradient-free and uses Metropolis acceptance to correct discretiza-
tion bias. We present the stretch move alongside Metropolis in the Metropolis correction
section.
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Week 7 Exercises

1. (Nesterov’s vanishing-friction ODE.) This exercise works out the continuous-
time analysis of Nesterov’s accelerated gradient method, which has a different ODE
limit from Polyak’s heavy ball.

Nesterov’s iteration yk = xk + k−1
k+2(xk − xk−1), xk+1 = yk − h∇V (yk) converges,

under the scaling t = k
√
h, to the second-order ODE [68]

ẍt +
3

t
ẋt +∇V (xt) = 0. (10.39)

Note the scaling t = k
√
h (one continuous time unit per 1/

√
h iterations), as opposed

to t = kh for plain gradient descent and Polyak heavy ball. The friction γt = 3/t is
time-varying : large at early times (heavily damped while V is being explored) and
decaying to zero (allowing late-time ballistic motion through flat regions).

(a) (Lyapunov function for the convex case.) Assume V is convex (not necessarily
strongly convex) with minimizer x∗. Define the energy

E(t) = t2
(
V (xt)− V (x∗)

)
+ 2
∥∥xt + t

2 ẋt − x∗
∥∥2.

Differentiate E(t) to show

Ė(t) = 2t
[(
V (xt)− V (x∗)

)
− ⟨xt − x∗, ∇V (xt)⟩

]
.

Then use convexity of V , equivalently V (x∗) ≥ V (x) + ⟨x∗ − x,∇V (x)⟩, to
conclude Ė(t) ≤ 0.

(b) (O(1/t2) rate.) From part (a), E(t) ≤ E(0). The ODE (10.39) is singular at
t = 0 (the friction coefficient 3/t blows up), and the standard initial condition is
ẋ0 = 0; in any case, the term t

2 ẋt in E(t) vanishes at t = 0, so E(0) = 2∥x0−x∗∥2.
From E(t) ≥ t2(V (xt)− V (x∗)), conclude

V (xt)− V (x∗) ≤ 2∥x0 − x∗∥2

t2
. (10.40)

This is the continuous-time analogue of Nesterov’s O(1/k2) discrete rate. Com-
pare with the O(1/t) rate of plain gradient flow on convex problems (Week 2
Exercise 2(a)(iii)) and explain why the t2 weight in E is matched specifically
to the 3/t friction in (10.39): with constant friction γ, no such quadratic-in-t
Lyapunov function works.

(c) (Strongly convex case and connection to heavy ball.) For α-strongly convex V ,
Nesterov’s accelerated method uses a different schedule with constant momen-
tum coefficient β = (1 −

√
αh)/(1 +

√
αh), yk = xk + β(xk − xk−1), xk+1 =

yk − h∇V (yk). Substitute the iteration and expand β = 1 − 2
√
αh + O(αh)
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for small h. Under the time scaling t = k
√
h, match the

√
h coefficients in the

Taylor expansion to show that the leading-order ODE limit is

ẍt + 2
√
α ẋt +∇V (xt) = 0,

the constant-friction heavy ball (10.21) at critical damping γ = 2
√
α analyzed

in Section 10.2. Conclude that, in the strongly convex case, the continuous-time
skeletons of Nesterov-SC and Polyak heavy ball coincide; the γt = 3/t schedule
of (10.39) is specifically tuned to the convex (non-strongly-convex) regime.

2. (Stationary distribution of underdamped Langevin.) This exercise verifies
that the joint Gibbs measure π(x) ⊗ N (0, I)(p) is invariant for the underdamped
Langevin SDE (10.27), by deriving its Fokker–Planck equation and showing π(x) ⊗
N (0, I)(p) solves the stationary equation. This justifies the precise balance between
friction and noise that distinguishes underdamped Langevin from a generic damped
Newtonian system.

Recall the SDE on (Xt, Pt) ∈ R2d:

dXt = Pt dt, dPt = −∇V (Xt) dt− γPt dt+
√
2γ dWt,

where Wt is a d-dimensional Brownian motion and γ > 0. Denote the joint density
of (Xt, Pt) by ρt(x, p).

(a) (Fokker–Planck equation.) Apply Itô’s formula to a test function ϕ(x, p) ∈
C∞c (R2d) along (Xt, Pt) to compute d

dtE[ϕ(Xt, Pt)]. Equating with
∫
ϕ∂tρt dx dp

and integrating by parts in x and in p separately, derive

∂tρt = −p · ∇xρt +∇p ·
[
(∇V (x) + γp)ρt

]
+ γ∆pρt. (10.41)

Identify the three terms with the three components of the drift–diffusion: trans-
port in x at velocity p, restoring force plus friction in p, and momentum noise.

(b) (Stationarity of π ⊗N (0, I).) Let

ρ∞(x, p) := π(x)N (p; 0, I) = π(x) · (2π)−d/2e−∥p∥2/2.

Compute the four relevant gradients ∇xρ∞, ∇pρ∞, ∆pρ∞, and ∇p · (p ρ∞).
Substitute into the right-hand side of (10.41) and verify, term by term, that
each piece cancels:

• The transport term−p·∇xρ∞ = p·∇V (x) ρ∞ cancels against∇p·(∇V (x) ρ∞) =
−p · ∇V (x) ρ∞ (since ∇V (x) is independent of p and ∇pρ∞ = −p ρ∞).

• The friction term γ∇p · (p ρ∞) = γ(d − ∥p∥2)ρ∞ cancels against the noise
term γ∆pρ∞ = γ(∥p∥2 − d)ρ∞.

Conclude ∂tρ∞ = 0: the joint Gibbs π⊗N (0, I) is stationary for underdamped
Langevin, for every γ > 0.
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(c) (Role of the noise coefficient
√
2γ.) Repeat the calculation of part (b) with

a general noise coefficient σ in place of
√
2γ (so the diffusion term in (10.41)

becomes σ2

2 ∆pρt). Show that the cancellation in the (p, ∥p∥2) terms requires
precisely σ2 = 2γ. This is the fluctuation–dissipation relation: the noise and
friction must balance to keep π ⊗ N (0, I) invariant; any other ratio gives a
different stationary distribution (or none). The marginal in X is the target π
precisely because of this balance.

3. (Stationarity of Riemannian Langevin.) This exercise verifies that the Rie-
mannian Langevin SDE (10.32) preserves the target π ∝ e−V for any smooth x 7→
M(x) ≻ 0, justifying the Itô correction ∇·M in the drift. The Fokker–Planck equa-
tion for an SDE with state-dependent diffusion has an extra term that the correction
is designed to cancel.

Recall the SDE

dXt =
[
−M(Xt)∇V (Xt) +∇·M(Xt)

]
dt+

√
2M(Xt) dWt,

where (∇·M)i :=
∑

j ∂jMij and
√
2M(x) is any matrix square root of 2M(x).

(a) (Fokker–Planck for general SDE with state-dependent diffusion.) For a general
SDE dXt = b(Xt) dt+σ(Xt) dWt with D(x) := 1

2σ(x)σ(x)
⊤, the Fokker–Planck

equation is
∂tρt = −∇· (b ρt) +

∑
i,j

∂i∂j
(
Dijρt

)
. (10.42)

Derive (10.42) by applying Itô’s formula to a test function ϕ(x) along Xt and
integrating by parts twice. (Note: each Hessian term contributes via 1

2σσ
⊤ :

∇2ϕ, and integration by parts moves both derivatives onto ρt.)

(b) (Specialize to Riemannian Langevin.) With drift b(x) = −M(x)∇V (x) + ∇·
M(x) and σ(x)σ(x)⊤ = 2M(x) (so D = M), substitute into (10.42) to obtain

∂tρt = ∇·
[
(M∇V −∇·M)ρt

]
+
∑
i,j

∂i∂j(Mij ρt). (10.43)

(c) (Verify π is stationary.) We claim the second term in (10.43) expands to∑
i,j

∂i∂j(Mijρt) = ∇·
[
(∇·M) ρt

]
+∇·

[
M∇ρt

]
.

Verify this identity by computing ∂j(Mijρt) = (∂jMij)ρt +Mij∂jρt, then ∂i of
this sum, and grouping the terms by what they apply ∂i to.
Substituting this identity back into (10.43), the ∇·M terms in the drift and
diffusion cancel, leaving

∂tρt = ∇·
[
M∇V ρt +M∇ρt

]
= ∇·

[
ρtM ∇ log(ρt/π)

]
, (10.44)
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using π ∝ e−V so ∇V = −∇ log π and ∇V +∇ log ρt = ∇ log(ρt/π). Conclude
that ρt = π makes the right-hand side vanish, i.e. π is stationary for Riemannian
Langevin.

(d) (Why the Itô correction is needed.) Drop the ∇·M term from the drift, i.e. run
the “naive” SDE dXt = −M(Xt)∇V (Xt) dt +

√
2M(Xt) dWt. Repeating the

calculation in (10.43) without the ∇·M term, show that the analogue of (10.44)
picks up an extra ∇· [(∇·M)ρt] piece, which does not vanish at ρt = π unless
∇·M ≡ 0. Conclude that the Itô correction is exactly what is needed to keep
π invariant under a position-dependent metric.

(e) (Sanity check.) Specialize to the constant-metric case M(x) ≡ M0, a constant
SPD matrix. Show that the Itô correction vanishes, ∇·M0 = 0, and the SDE
reduces to dXt = −M0∇V (Xt) dt+

√
2M0 dWt. Apply the change of variables

Yt = M
−1/2
0 Xt and compute that Yt satisfies plain Langevin with potential

Ṽ (y) = V (M
1/2
0 y). Conclude that, in this constant-metric case, Riemannian

Langevin is plain Langevin in rescaled coordinates — justifying the “precon-
ditioning” interpretation of Section 10.4 and recovering the Gaussian worked
example where M0 = Σ kills the condition number entirely.
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11 Variational Inference

In Section 10 we cast sampling as minimization of DKL(· ∥π) over the full space P(Rd),
and realized the descent via dynamics like Langevin which is the Wasserstein gradient
flow. Variational inference (VI) takes the step further: solve the same optimization
problem but constrained to a parametric family ΠΘ = {qθ : θ ∈ Θ} of tractable distri-
butions, obtaining

θ∗ ∈ argmin
θ∈Θ

DKL(qθ ∥π) . (11.1)

The minimizer qθ∗ is a fitted approximation to π rather than a stream of samples. The
cost of the restriction is bias: qθ∗ generally differs from π. The benefit is that qθ∗ is
cheap to evaluate (a fixed parametric formula) and cheap to sample from, and that the
optimization (11.1) can be performed by standard stochastic gradient methods on θ in
Rp.

Connection to SOC: VI in path space versus static space. The reader has
already seen one form of VI: the SOC formulation of Section 9.7 cast posterior sampling
in generative sampling as KL minimization on path space,

min
u

DKL

(
Pu ∥PR

)
(9.13), where Pu is a controlled path measure indexed by a drift ut(·, θ) (the varia-
tional parameter) and PR is the target tilted path measure with the desired terminal
marginal. The present section is the static-space analogue: the variational object is a
distribution qθ ∈ P(Rd) rather than a path measure on C([0, 1];Rd), and the target
is the static π ∈ P(Rd) rather than PR. The two problems share the same paramet-
ric KL-minimization structure, and the gradient machinery developed below has direct
counterparts in the SOC pathwise-gradient framework (9.4). We will draw the analogy
explicitly in Section 11.2.

We first state the VI objective and derive the gradient (11.1), then review parametric
families (Gaussian, Gaussian mixture, normalizing flows) and the black-box VI estima-
tor. The remainder of the section develops the Gaussian case in depth, the equivalence
between Gaussian VI and Gaussian moment-closure of probability-space gradient flows,
and concludes with two preconditioned VI algorithms — natural gradient and Bures–
Wasserstein gradient — which arise as natural moment closures of the Fisher–Rao and
Wasserstein gradient flows respectively.

11.1 The VI objective and ELBO

Write the target as π(x) = e−V (x)/Z with Z =
∫
e−V an intractable normalization

constant. The KL divergence to a variational density qθ splits as

DKL(qθ ∥π) = Eqθ [log qθ(X)] + Eqθ [V (X)] + logZ =: −L(θ) + logZ, (11.2)

79



where L(θ) := −Eqθ [log qθ(X)]− Eqθ [V (X)] can be referred to as evidence lower bound
(ELBO). Since logZ is a constant in θ, minimizing DKL(qθ ∥π) is equivalent to maxi-
mizing L(θ), and the latter does not require knowledge of Z.

The ELBO decomposes as L = −Eqθ [V ] +H(qθ), where H(qθ) = −Eqθ [log qθ] is the
differential entropy of qθ. The first term pulls qθ towards low-potential regions of π;
the second term, the entropy regularizer, prevents qθ from collapsing to a delta. The
balance is the same one that drives the Langevin SDE (10.13): drift −∇V (low-potential
preference) plus diffusion

√
2 dW (entropy-spreading). VI optimizes this balance over a

parametric family rather than letting it equilibrate over P(Rd).

Reverse KL is mode-seeking. The choice DKL(qθ ∥π) in (11.1) (the reverse KL) is
not the only option. The forward KL DKL(π ∥ qθ) instead leads to maximum-likelihood-
style inference and is mode-covering: it penalizes qθ heavily wherever π has mass but
qθ does not. The reverse KL penalizes wherever qθ has mass but π does not, making it
mode-seeking: it tends to fit one mode of a multimodal π rather than all modes. The
forward KL is the natural choice for generative modeling (when samples from π are
available and the score log qθ is to be optimized); the reverse KL is the natural choice
for Bayesian inference (when π = posterior is queryable but not sampleable).

11.2 Gradient of the VI objective

Two standard estimators express ∇θL as an expectation over qθ, making stochastic gra-
dient descent applicable. Both have direct counterparts in the path-space SOC gradient
framework of Section 9.7.

Score-function estimator. Differentiating Eqθ [V (X)] requires moving ∇θ inside an
expectation whose underlying measure also depends on θ. Starting from DKL(qθ ∥π) =∫
qθ log(qθ/π) dx and applying the product rule under the integral,

∇θDKL(qθ ∥π) =
∫
∇θqθ · log

qθ
π

dx +

∫
qθ∇θ log

qθ
π

dx. (11.3)

Two simplifications make this estimable. First, the log-derivative trick ∇θqθ = qθ∇θ log qθ
turns the first integral into an expectation under qθ. Second, the second integral∫
qθ∇θ log(qθ/π) =

∫
qθ∇θ log qθ = ∇θ

∫
qθ = ∇θ(1) = 0 vanishes identically, since

π has no θ-dependence and the score has mean zero under its own measure. Combining,

∇θDKL(qθ ∥π) = Eqθ

[
log

qθ(X)

π(X)
∇θ log qθ(X)

]
, (11.4)

the score-function or REINFORCE gradient. The expectation can be replaced by a
Monte Carlo average over draws X(1), . . . , X(K) ∼ qθ, giving a fully black-box estimator
that needs only (i) the ability to sample qθ and (ii) evaluation of log qθ,∇θ log qθ, log π.
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Two practical features.

• Normalizing constant of π drops out. If we replace log π by the unnormalized
log π̃ = −V (so that log π = −V − logZ for some unknown Z), the extra − logZ
inside the bracket contributes − logZ · Eqθ [∇θ log qθ] = 0 by the same mean-zero
score identity. So (11.4) is exactly Eqθ [(log qθ + V )∇θ log qθ] — the unknown nor-
malization Z never appears.

• Control variates are free. For any constant b (or any b(X) that depends only on X
and not on θ), Eqθ [b∇θ log qθ] = 0 by the same identity. So one can subtract any
baseline from log qθ − log π inside the expectation without changing the gradient.
A common choice is the running average bk ≈ Eqθ [log qθ − log π] = −L(θk), which
can substantially reduce the variance of Monte Carlo estimates of (11.4). This is
the basis for practical REINFORCE-style optimization.

Reparametrization estimator. When qθ admits a sampler of the form X = Tθ(ξ)
with ξ ∼ ν a fixed base distribution (e.g. ξ ∼ N (0, I) and Tθ(ξ) = m+Lξ for C = LL⊤),
the expectation can be rewritten with the randomness moved outside the θ-dependence:
Eqθ [h(X)] = Eν [h(Tθ(ξ))]. For F(θ) := DKL(qθ ∥π) this gives

∇θF(θ) = Eν

[
∇V (Tθ(ξ)) · ∇θTθ(ξ)

]
+∇θEν

[
log qθ(Tθ(ξ))

]
, (11.5)

the first term coming from Eqθ [V (X)] = Eν [V (Tθ(ξ))] and the second from the entropy
−H(qθ) = Eqθ [log qθ(X)]. The first term uses only the gradient of V , not V itself, so the
normalizing constant logZ of π = e−V /Z automatically does not enter. The entropy
term admits a closed form for Gaussians, mixtures, and normalizing flows with tractable
Jacobians, which is why these are the canonical reparametrization-friendly families. This
is the reparametrization trick [43, 57], the backbone of modern VI in deep models. It
requires Tθ to be differentiable in θ for almost every ξ, which excludes certain discrete
or hard-thresholded families but accommodates Gaussians, mixture parametrizations,
and normalizing flows. In practice the reparametrization estimator yields substantially
lower variance than the score-function estimator (11.4) when both apply.

Analogy with path-space gradients in SOC. Both (11.4) and (11.5) have exact
counterparts in the SOC pathwise-gradient framework (Section 9.7), and the analogy is
worth making explicit because the two settings illuminate each other.

In SOC, the variational object is the controlled path measure Pu on C([0, 1];Rd),
parametrized by a drift ut(·, θ). A trajectory is generated by

Xu
t = Tθ(W[0,t]), dXu

t = (bt(X
u
t ) + σtut(X

u
t , θ)) dt+ σt dWt, (11.6)

i.e. the trajectory is a deterministic functional Tθ of the Brownian noise W . This is the
path-space reparametrization: W plays the role of the base random variable ξ in (11.5);
the SDE solution map Tθ plays the role of the static reparametrization map; and the
objective J(θ) = EPu

[cost] plays the role of Eqθ [V (X)]. Differentiating through Tθ with
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W held fixed gives the pathwise gradient (also called the adjoint gradient, since the chain
rule through the SDE trajectory is most efficiently computed via a backward ODE —
the adjoint equation of Section 9.7).

The score-function analogue uses Girsanov’s theorem: the Radon–Nikodym deriva-
tive of Pu with respect to a reference P0 is

dPu

dP0
(W ) = exp

(∫ 1

0
ut · dWt − 1

2

∫ 1

0
∥ut∥2 dt

)
,

the path-space analogue of qθ(x)/ν(x). Differentiating this log-density in θ gives a
REINFORCE-style estimator on path space, used when the cost is not differentiable in
trajectories or when discontinuous controls (jumps, discrete-time policies) are involved.

Static VI (this section) Path-space VI (SOC, Section 9.7)
Variational object qθ ∈ P(Rd) Pu ∈ P(C([0, 1];Rd))

Target π PR

Base randomness ξ ∼ ν Brownian W

Reparam. map X = Tθ(ξ) Xu
[0,1] = Tθ(W ) via SDE

Reparam. gradient (11.5) adjoint equation
Score-function gradient log-derivative trick Girsanov derivative
Objective ELBO / KL SOC cost (9.13)

In both settings, reparametrization gradients have substantially lower variance than
score-function gradients when applicable (the trade-off being differentiability of the cost
/ map), and are the default in modern implementations. The conceptual unification is
that “static VI” and “path-space SOC” are the same problem distinguished only by the
dimension of the variational object; the same gradient estimators apply, with the static
Tθ replaced by an SDE flow map.

11.3 Examples of variational families

The art of VI lies in choosing ΠΘ rich enough to approximate π well, but tractable
enough that (11.1) can be solved. Four canonical families:

Mean field. qθ(x) =
∏d

i=1 qθi(xi), a product of one-dimensional marginals. The sim-
plest VI family, dating to the 1990s [40]. Mean field is exact only on factorized π; its
bias on correlated π can be severe (it systematically underestimates posterior variance).
Useful as a baseline; routinely outperformed by structured families and by rotated mean
field VI [20].

Gaussian. qm,C(x) = N (x;m,C), parametrized by mean and covariance. The dimen-
sion of Θ is d+ d(d+ 1)/2 (for full covariance), 2d (for diagonal), or d+ dr (for rank-r
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plus diagonal). The Gaussian family is exact on Gaussian targets, and Laplace’s approx-
imation (a Gaussian centered at the mode with covariance ∇2V (x∗)−1) is a one-step
special case. For the general non-Gaussian π it captures the location and global scale of
mass but misses non-Gaussian features (skewness, heavy tails, multimodality). It is the
most-studied VI family.

Gaussian mixtures. qθ(x) =
∑K

k=1wkN (x;mk, Ck) with
∑

k wk = 1, wk ≥ 0.
Strictly more expressive than a single Gaussian; can capture multimodality and asym-
metric tails. The parameter count grows linearly in K. Optimization is harder because
of the discrete mixture-weight structure (one fix is to use the softmax parametrization
wk = eηk/

∑
j e

ηj ); also, mixture VI is prone to “mode collapse” where several compo-
nents overlap.

Normalizing flows. qθ(x) = (Φθ)#ν, where Φθ : Rd → Rd is a smooth invertible map
parametrized by a neural network and ν is a tractable base distribution (e.g. N (0, I)).
The density is given by the change-of-variables formula qθ(x) = ν(Φ−1θ (x)) |det∇Φ−1θ (x)|,
which makes both sampling and density evaluation tractable provided Φθ is designed so
det∇Φθ is cheap to compute (triangular Jacobians via coupling layers [27]; autoregres-
sive layers [55]). Normalizing flows can in principle approximate any continuous target
arbitrarily well as the network width and depth grow, but require careful architecture
design and substantial compute. They have dominated VI in modern Bayesian deep
learning and density estimation.

11.4 Black-box variational inference

Black-box VI (BBVI) [56] is the generic recipe: replace the gradient (11.4) or (11.5) by
a Monte Carlo estimate and run SGD on θ. The pseudocode for one iteration:

(1) Draw X(1), . . . , X(K) ∼ qθk .

(2) Compute the gradient estimator

ĝk =
1

K

K∑
i=1

(
log qθk(X

(i))− log π(X(i))
)
∇θ log qθk(X

(i))

(or the reparametrization version when applicable).

(3) Update θk+1 = θk − hk ĝk.

The key practical knobs are (i) the family ΠΘ (Gaussian vs. mixture vs. flow), (ii) the
gradient estimator (score-function vs. reparametrization, with the latter much preferred
when available), (iii) the batch size K, and (iv) the step schedule hk (Adam-like sched-
ulers [42] are standard). Variance reduction for the score-function estimator (control
variates, Rao-Blackwellization) is essential in high dimensions.

BBVI is widely deployed in probabilistic programming (Stan, Pyro, PyMC), where
the user specifies V and an automatic-differentiation framework computes gradients on
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the fly. The framework is generic enough to be applied to any model with a differentiable
V , at the price of relatively crude convergence guarantees and a strong dependence on
the choice of ΠΘ.

11.5 Gaussian VI and mixture VI

The Gaussian family ΠG = {N (m,C) : m ∈ Rd, C ∈ Sd++} deserves a closer look
because for this family every quantity in the VI objective is explicit and the gradient
takes a clean closed form. We work it out, then discuss which flow on parameters one
obtains by descending in different geometries on Θ = Rd × Sd++.

The gradient in closed form. For q = N (m,C) and π ∝ e−V , the reverse-KL
objective is

F(m,C) := DKL(N (m,C) ∥π) = EN (m,C)[V (X)]− 1
2 log detC + const. (11.7)

The Gaussian entropy contributes the log detC term in closed form; the only remaining
expectation is E[V (X)], which is generally non-explicit but easy to estimate by Monte
Carlo or quadrature. Differentiating (11.7) via Stein’s lemma (for any h, EN (m,C)[(X −
m)h(X)⊤] = C EN (m,C)[∇h(X)⊤], applied with h respectively the constant 1 and ∇V ),
one obtains the explicit Euclidean gradients

∇mF = EN (m,C)[∇V (X)], ∇CF = 1
2 EN (m,C)[∇2V (X)]− 1

2C
−1. (11.8)

Vanilla SGD on these gradients is the simplest Gaussian VI algorithm. But the metric
on Θ matters: different choices of metric give different parameter flows, with different
convergence rates and different stability properties.

Parameter-space gradient flow. The most direct route: identify Θ = Rd×Sd++ with
a subset of Rd+d2 and run gradient descent in the ambient Euclidean metric. Substituting
(11.8) gives the ODE

ṁ = −E[∇V (X)], Ċ = −1
2 E[∇

2V (X)] + 1
2 C
−1. (11.9)

Bures–Wasserstein gradient flow. The Wasserstein-2 distance between two Gaus-
sians has the closed form

W 2
2

(
N (m1, C1), N (m2, C2)

)
= ∥m1−m2∥2+tr

(
C1+C2−2(C

1/2
1 C2C

1/2
1 )1/2

)
, (11.10)

called the Bures–Wasserstein (BW) distance on Rd × Sd++. It is the restriction of the
Wasserstein-2 metric on P(Rd) to the Gaussian submanifold. The BW gradient of F is

gradBWF =
(
∇mF , 4 sym(C∇CF)

)
, (11.11)

and the BW gradient-descent flow on (11.7) becomes [44]

ṁ = −EN (m,C)[∇V (X)], Ċ = 2I − C EN (m,C)[∇2V (X)]− EN (m,C)[∇2V (X)]C.
(11.12)
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On a Gaussian target π = N (m∗, C∗), Ct = C∗ is a fixed point of (11.12) (plug in
E[∇2V ] = (C∗)−1). Two structural features: the parametrization is intrinsic — the
same trajectory results whether one stores C, the Cholesky factor L, or logC.

Fisher–Rao gradient flow / natural gradient. A second canonical metric on ΠG

is the Fisher–Rao metric, induced by the Fisher information of the parametric family.
For Gaussians, computing I(θ) for θ = (m,C) and inverting gives the natural-gradient
flow [19]

ṁ = −C EN (m,C)[∇V (X)], Ċ = C − C EN (m,C)[∇2V (X)]C. (11.13)

Equivalently, d(m,C)
dt = −I(m,C)−1∇F . The Fisher–Rao gradient is invariant under

reparametrization of θ (this is exactly Amari’s natural gradient [4]), and on a Gaussian
target the flow (11.13) converges to π at a rate independent of the condition number of
C∗. It also preserves C ≻ 0 exactly under the continuous-time flow. The Fisher–Rao
flow is also affine invariant.

Remark 11.1 (Connection to Gaussian moment closure). The flows (11.12) and (11.13)
are not just gradient descents on a parametric objective; they also arise as Gaussian
moment closures of probability-space gradient flows [44, 19]. Take the Wasserstein
gradient flow ∂tρt = ∇· (ρt∇V ) + ∆ρt of DKL(· ∥π) from Section 10.1; assume ρt =
N (mt, Ct) remains Gaussian and project the PDE onto its first two moments. The
resulting ODEs for (mt, Ct) are exactly (11.12). Repeating the projection for the Fisher–
Rao gradient flow of DKL(· ∥π) gives exactly (11.13). The reason: the Bures–Wasserstein
metric is the restriction of W2 to the Gaussian submanifold of P(Rd), and the Fisher–Rao
metric on Gaussians is the restriction of the Fisher–Rao metric on P(Rd). Restricting the
gradient flow on P(Rd) to a parametric family and gradient-descending in the restricted
metric give the same parameter ODE.

The moment-closure perspective is often the easiest way to derive these flows in
practice, since it avoids working out the Fisher information matrix explicitly; the same
recipe applies to other metrics. The Fisher–Rao gradient flow at the PDE level has
uniform exponential convergence rates and rich geometric convexity properties, see [13].

Mixture extension. For Gaussian mixtures qθ =
∑

k wkN (mk, Ck) the same ma-
chinery generalizes: each component has BW or Fisher–Rao gradients with respect to
(mk, Ck), and the weights wk get their own natural-gradient updates from the categorical
Fisher information; see [48, 24, 21, 14, 15].

Numerical stability. Gaussian and Gaussian-mixture VI are notoriously fragile in
practice. The dominant failure modes are (i) loss of positive-definiteness in C during
finite-step gradient updates; (ii) blow-up or vanishing of detC when V has strongly
anisotropic curvature; and (iii) mode collapse for mixtures, when components drift to-
gether. Studying stabilization of them is an active research field.
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11.6 A Unifying Formal Perspective via VI

We close by stepping back and viewing the methods of this course through the lens
of KL minimization. The principle is simple — optimize a KL divergence between two
probability measures, one of which is parametrized — and the variations along two axes
recover essentially all algorithmic frameworks we have studied.

Axis 1: which KL? DKL(qθ ∥π) (reverse, q-mass penalized where π has no mass)
vs. DKL(π ∥ qθ) (forward, π-mass penalized where q has no mass). Reverse KL never
requires samples from π; the unknown normalization Z cancels. Forward KL expands
as

DKL(π ∥ qθ) =
∫

π log π dx−
∫

π log qθ dx,

the first term constant in θ and the second a log-likelihood-style expectation under π.
So minθ DKL(π ∥ qθ) requires samples from π — exactly the data setting of maximum
likelihood estimation (MLE).

Axis 2: static or path-space? The variational object lives either on P(Rd) (static)
or on P(C([0, 1];Rd)) (path measures). The static case has qθ = qθ(x) a distribution on
Rd; the path-space case has qθ = Pu a path measure indexed by a control u.

The 2×2 grid:

Static P(Rd) Path space P(C([0, 1];Rd))

Reverse KL minDKL(qθ ∥π) VI (Section 11) SOC / RL (Section 9.7)

Forward KL minDKL(π ∥ qθ) MLE Diffusion, flow matching, VAE, SFT

(In the forward-KL cases, samples from the target π are required; in the reverse-KL
cases, only query access to π via V = − log π̃ is needed.) Let us walk through each cell.

Top-left: Reverse-KL static = VI. This is the present section. π is queryable
through V = − log π̃ (typically a Bayesian posterior), qθ is a parametric family one
can sample and evaluate, and one minimizes DKL(qθ ∥π) to fit qθ as an approximation.
Sample access to π is not required.

Bottom-left: Forward-KL static = MLE. π is accessible only through data X1, . . . , XN ∼
π, and qθ is a parametric model. Then

min
θ

DKL(π ∥ qθ) = min
θ

(
const− Eπ[log qθ]

)
≈ min

θ

(
− 1

N

∑N
i=1 log qθ(Xi)

)
,

the empirical risk for maximum-likelihood estimation. Logistic regression, exponential-
family models, and any classical statistical inference with a parametric likelihood live in
this cell.
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Top-right: Reverse-KL path = SOC / RL. The SOC formulation of Section 9.7
minimizes DKL

(
Pu ∥PR

)
between a controlled path measure Pu and a tilted target path

measure PR. The same structure underlies reinforcement learning: a policy πθ induces
a path measure over trajectories, and the entropic RL objective is a KL between this
path measure and a tilted target. More generally, expected reward maximization with a
KL regularizer reduces to a path-space KL via KL-control duality (9.13). Reinforcement
learning from human feedback (RLHF) and other LLM post-training methods are special
cases: the canonical objective Eπθ

[r]− βDKL(πθ ∥πref) is exactly reverse-KL path-space
VI with πref playing the role of P in (9.13).

Bottom-right: Forward-KL path = diffusion, flow matching, VAE, SFT.
Score-based diffusion models and flow-matching train by minimizing DKL

(
Pdata ∥Pθ

)
between the true forward noising process and the parametric reverse process. Samples
from Pdata are available (the training set is i.i.d. from πdata), and the loss reduces to
a score-matching or velocity-matching expectation. Variational autoencoders (VAEs)
minimize a forward-KL path-space ELBO with an encoder–decoder structure. Super-
vised fine-tuning (SFT) of large language models is the discrete analogue: data consists
of trajectories of tokens i.i.d. from a target distribution (e.g. human-preferred outputs),
and the loss is the log-likelihood of these trajectories under the model.

The unifying message. Sampling, inference, generative modeling, control, reinforce-
ment learning, language-model fine-tuning — all instances of minimize a KL divergence
between two probability measures, one of which is parametrized. The variations are which
measure is parametrized (forward vs. reverse KL), which space the measures live on
(static Rd vs. path space), and what is the parametric family (Gaussian, mixture, nor-
malizing flow, drift, neural-network policy, language-model logits). Once one sees this,
algorithm design reduces to choosing the four pieces (target measure, variational family,
KL direction, gradient estimator), and the machinery developed in this section —score-
function / REINFORCE, reparametrization / pathwise, natural / Bures–Wasserstein
preconditioning — carries across the entire landscape. Diffusion models, RLHF, BBVI,
SOC, and Bayesian inversion are not separate fields; they can be understood as different
parametrizations of the same underlying optimization problem.
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Week 8 Exercises

Exercise 1 computes explicit convergence rates of the three parameter flows of Sec-
tion 11.5 on a Gaussian target. Exercise 2 shows that the right coordinate in which the
VI objective is convex (for log-concave targets) is the square-root coordinate A = C1/2,
and identifies this as the underpinning of the Bures–Wasserstein metric. Exercise 3
explains why explicit Euler on the Euclidean parameter flow is unstable and how the
Bures–Wasserstein proximal-gradient method fixes this.

1. (Gaussian VI on a Gaussian target: explicit rates.) Let π = N (m∗, C∗),
so V (x) = 1

2(x − m∗)⊤(C∗)−1(x − m∗) + const and ∇V (x) = (C∗)−1(x − m∗),
∇2V = (C∗)−1. Then for q = N (m,C),

Eq[∇V (X)] = (C∗)−1(m−m∗), Eq[∇2V (X)] = (C∗)−1.

Substitute into the three flows and compute the convergence rate.

(a) (Euclidean.) Flow (11.9) becomes

ṁ = −(C∗)−1(m−m∗), Ċ = 1
2

(
C−1 − (C∗)−1

)
.

The m-equation is autonomous linear, with explicit solution mt−m∗ = e−t(C
∗)−1

(m0−
m∗) and slowest rate 1/λmax(C

∗).
For C, take C0 = λ0I so Ct stays diagonal in the eigenbasis of C∗. The eigenval-
ues λt of Ct (with corresponding λ⋆ of C∗) satisfy λ̇t = (1/λt − 1/λ⋆)/2, which
integrates to the implicit closed form [19, (E.21)]

λt − λ⋆ = (λ0 − λ⋆) exp
(
− t

2λ2
⋆
− λt−λ0

λ⋆

)
.

The leading exponential gives rate |λt − λ⋆| = O(e−t/(2λ
2
⋆)); for C∗ the slowest

mode gives ∥Ct − C∗∥2 = O(e−t/(2λmax(C∗)2)). Both rates κ-dependent ; the C-
rate is even worse, scaling as λ−2max.

(b) (Bures–Wasserstein.) Flow (11.12) becomes

ṁ = −(C∗)−1(m−m∗), Ċ = 2I − C (C∗)−1 − (C∗)−1C.

Mean equation is the same as Euclidean: rate 1/λmax(C
∗).

Closed form for C when C0, C
∗ are simultaneously diagonalizable (e.g. C0 =

λ0I). Then Ct and C∗ commute throughout, and in the common eigenbasis
with C∗ having eigenvalues λi, the eigenvalues ci(t) of Ct satisfy ċi = 2−2ci/λi,
giving

ci(t) = λi + (λ0 − λi) e
−2t/λi . (11.14)

Slowest mode: rate 2/λmax(C
∗). In the general (non-commuting) case the same

rate follows from linearization around C∗. BW improves the C-rate over Eu-
clidean by a factor of λmax(C

∗) but both flows remain κ-dependent.
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(c) (Fisher–Rao: fully explicit.) Flow (11.13) becomes

ṁ = −C (C∗)−1(m−m∗), Ċ = C − C (C∗)−1C.

This flow admits a complete closed-form solution. Let D := C−1; differentiating
DC = I gives Ḋ = −C−1Ċ C−1. Substitute the C-equation:

Ḋ = −C−1
(
C − C(C∗)−1C

)
C−1 = −D + (C∗)−1.

A linear ODE in D. Solving:

C−1t = e−tC−10 + (1− e−t) (C∗)−1, (11.15)

i.e. the precision interpolates linearly in e−t between C−10 and (C∗)−1. In the
eigenbasis (C0 = λ0I) this is the rational function [19, (E.22)]

λt =
λ⋆

1 + (λ⋆/λ0 − 1) e−t
, |λt − λ⋆| = O(e−t).

Rate e−t, independent of C∗. For the mean, Ct → C∗ gives ṁ → −(m −m∗),
hence ∥mt−m∗∥ ∼ e−t as well. Both quantities decay at the same κ-independent
rate.

(d) (Summary.)

Flow rate for ∥m−m∗∥ rate for ∥C − C∗∥
Euclidean 1/λmax(C

∗) 1/(2λmax(C
∗)2)

Bures–Wasserstein 1/λmax(C
∗) 2/λmax(C

∗)

Fisher–Rao 1 1

The Fisher–Rao rate is κ-independent because the Fisher–Rao metric on P(Rd)
is diffeomorphism invariant: the affine whitening x 7→ (C∗)−1/2(x−m∗) reduces
the target to N (0, I), where the rate is trivially 1, and invariance carries this
back to the original coordinates.

2. (Convexity: A = C1/2 vs C coordinates.) For log-concave targets π ∝ e−V with
V convex, one might hope the Gaussian-VI objective

F(m,C) = EN (m,C)[V ]− 1
2 log detC + const

is convex in (m,C). It is not. The right convex coordinate is the square root A =
C1/2.

(a) (1D: convexity in (m,σ).) Let d = 1 and V be convex. Use the reparametriza-
tion X = m+σZ with Z ∼ N (0, 1): E[V (X)] = EZ [V (m+σZ)]. For each fixed
Z, (m,σ) 7→ m+ σZ is affine, so (m,σ) 7→ V (m+ σZ) is convex. Expectation
of convex is convex. The entropy − log σ is convex in σ > 0. So F is jointly
convex on R× R>0.
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(b) (1D: the C coordinate fails.) Let u(C) := EN (0,C)[V (X)]. By the Gaussian heat
equation, ∂Cu = 1

2E[V
′′(X)]. Applying this identity twice gives

∂2
Cu = 1

4 EN (0,C)[V
′′′′(X)].

So u is convex in C iff E[V ′′′′] ≥ 0 — a condition on the fourth derivative.
Counterexample. V (x) = 1

2x
2+ϵ cosx is strongly convex for ϵ < 1, but V ′′′′(x) =

ϵ cosx takes negative values, so u(C) is not convex.

(c) (Multi-d.) Let V be convex on Rd and A = Σ1/2 ∈ Sd++, so X = m+ AZ with
Z ∼ N (0, Id) has law N (m,Σ). Repeating (a): (m,A) 7→ V (m+AZ) is convex
for each Z (convex composed with affine), so EZ [V (m+ AZ)] is jointly convex
in (m,A). The entropy −1

2 log detΣ = − log detA is convex on the PSD cone.
Hence for log-concave π, F is jointly convex in (m,A) where A = Σ1/2.
By contrast, Σ 7→ Σ1/2 is concave, so convexity in (m,A) does not transfer to
(m,Σ).

(d) (BW interpretation.) The Bures–Wasserstein distance on Gaussians is

W 2
2

(
N (m0,Σ0),N (m1,Σ1)

)
= ∥m0 −m1∥2 + inf

O∈O(d)
∥Σ1/2

0 − Σ
1/2
1 O∥2F .

Up to orthogonal ambiguity, this is the Euclidean metric on (m,A) with A =
Σ1/2. Combined with (c): for log-concave π, F is geodesically convex on the
Bures–Wasserstein manifold of Gaussians [44]. This is the geometric statement
behind convergence of the BW gradient flow on log-concave targets.

3. (Discretization on the Euclidean manifold fails; proximal gradient fixes it.)
The parameter flows of Section 11.5 are well-behaved in continuous time but their
discretization requires care. This exercise shows that explicit Euler on the Euclidean
parameter flow (11.9) is unstable, and that the natural fix is to treat the non-smooth
entropy via a proximal step. The Bures–Wasserstein geometry is what then makes
that prox step closed-form.

(a) (Euclidean entropy Hessian blows up.) Consider the entropy E(C) := −1
2 log detC

on Sd++, viewed as a function on the flat parameter manifold (Euclidean metric
on C). Show that the Euclidean gradient and Hessian are

∇CE(C) = −1
2C
−1, ∇2

CE(C) : H 7→ 1
2 C
−1H C−1.

Conclude ∥∇2E(C)∥op = 1
2/λmin(C)2, which blows up as C → ∂Sd++.

(b) (Explicit Euler on (11.9) fails.) The unbounded Hessian means no fixed step
size h > 0 satisfies h · Lip(∇F) < 1 uniformly on the trajectory. An overshoot
in the update Ck+1 = Ck−h∇CF(Ck) can produce a non-positive-definite Ck+1

in a single step. This is the standard failure mode of forward-Euler on objectives
with a non-smooth (here: barrier-like) term.
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(c) (Proximal gradient: split smooth + non-smooth.) The standard remedy in non-
smooth optimization is the proximal gradient (forward-backward) method: split
F = E[V ]+E into a Lipschitz-smooth part E[V ] (when V has bounded Hessian)
and a non-smooth part E, then take a forward step on the smooth part and a
proximal (implicit) step on the non-smooth part. The prox step

qk+1 = argmin
q∈PG

(
E(q) + 1

2h d(q, qk+1/2)
2
)

treats the entropy implicitly, which is what restores stability: the implicit step
"knows about" the barrier at ∂Sd++ that forward-Euler ignored.
Choosing the distance d is a separate geometric choice. The natural choice on
the Gaussian family is the Bures–Wasserstein distance d = W2 (Exercise 2(d)
showed the BW geometry is the right convex setting for F); with this choice
the prox of E is closed-form, as we now derive. The resulting algorithm is
the Forward-Backward Gaussian VI (FB-GVI) algorithm of [26]. The same
proximal principle at the density level on P(Rd) is the JKO scheme for the
Wasserstein gradient flow of KL.

(d) (Derive the BW prox closed form.) We derive the explicit closed-form expression
for the BW prox step, in the simultaneously-diagonalizable setting where Ck+1/2

and Ck+1 commute. Write q̃ := qk+1/2 = N (m̃, C̃) and let q := qk+1 = N (m,C)
be the variable.

(i) Use the Bures–Wasserstein distance between commuting Gaussians, W 2
2 (q, q̃) =

∥m− m̃∥2 + ∥C1/2 − C̃1/2∥2F , to write the prox objective

J(m,C) = −1
2 log detC + 1

2h∥m− m̃∥2 + 1
2h∥C

1/2 − C̃1/2∥2F .

(ii) Mean. Show ∇mJ = 0 gives mk+1 = m̃. The mean is unchanged by the
prox step — intuitive, since the entropy depends only on C.

(iii) Covariance. Set A := C1/2, Ã := C̃1/2, both symmetric PSD and commut-
ing. Rewrite −1

2 log detC = − log detA and show that ∇AJ = 0 gives the
matrix quadratic

A2 − ÃA− hI = 0.

Solve for the PSD root (using the commuting eigenbasis and the scalar
quadratic a2 − ã a− h = 0):

C
1/2
k+1 = 1

2 C̃
1/2 + 1

2

(
C̃ + 4hI

)1/2
. (11.16)

(iv) Positive-definiteness is preserved. The discriminant C̃ + 4hI is strictly
positive-definite for any h > 0, hence (C̃ + 4hI)1/2 is well-defined and
PSD, and C

1/2
k+1 ≻ 0 regardless of h. Squaring gives Ck+1 ≻ 0. This is

the stability gain over (b): the proximal step automatically respects the PSD
cone, regardless of step size.
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12 Metropolis Correction

So far every algorithm in this note has been a discretization of a continuous-time flow,
with a residual bias controlled by the step size. Sampling has a tool with no analogue in
optimization that removes this bias exactly, for any step size: the Metropolis–Hastings
accept/reject step. We develop it in three stages: (i) reversibility and stationarity as
measure-theoretic notions; (ii) the classical Metropolis–Hastings ratio for proposals that
admit densities, covering random-walk Metropolis and MALA; (iii) an extension to pro-
posals built from deterministic involutions on an extended state space, which is the right
framework for proposals like Goodman–Weare’s stretch move and HMC, where the pro-
posal is not a density on Rd.

12.1 Reversibility and Stationarity

Let P (x, dy) be a Markov transition kernel on a measurable space (Rd,B): P (x, ·) is a
probability measure for each x, and x 7→ P (x,A) is measurable for each A ∈ B. Recall
a probability measure π is stationary (or invariant) for P if∫

π(dx)P (x,A) = π(A) for every A ∈ B. (12.1)

A sufficient (but not necessary) condition for stationarity is reversibility : π is re-
versible for P if the joint law of (X,Y ) with X ∼ π and Y | X ∼ P (X, ·) is symmetric
in (X,Y ). As a measure identity on Rd × Rd,

π(dx)P (x, dy) = π(dy)P (y, dx). (12.2)

We refer to (12.2) as the detailed balance condition. Note carefully: the identity is
between two measures on Rd × Rd, not between two densities. This distinction will
matter shortly, when we work with proposals that have Dirac-mass components and no
joint density.

Proposition 12.1 (Detailed balance implies stationarity). If (12.2) holds, then π is
stationary for P .

Proof. Integrate (12.2) over x:∫
π(dx)P (x,A)

(12.2)
=

∫
π(dy)1A(y)

∫
P (y, dx) =

∫
A
π(dy) = π(A).

Detailed balance is strictly stronger than stationarity (one can construct non-reversible
chains with π stationary, e.g. underdamped Langevin) but it is the most convenient suf-
ficient condition because it can be checked locally, kernel by kernel, without computing
the integral in (12.1). The Metropolis–Hastings algorithm is precisely the recipe for
constructing a kernel P from an arbitrary proposal so that (12.2) holds.
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12.2 Metropolis–Hastings for Proposals with Densities

The setup. Let Q(x, dy) be a proposal kernel : an arbitrary Markov kernel on Rd that
we know how to simulate from. We want to modify Q so that the resulting chain is
reversible with respect to a target π(dx) = π(x) dx known up to a normalizing constant.

The Metropolis–Hastings algorithm at state Xk is:

(1) Propose Y ∼ Q(Xk, ·).

(2) Compute an acceptance probability α(Xk, Y ) ∈ [0, 1] (to be specified).

(3) With probability α(Xk, Y ), set Xk+1 = Y ; otherwise set Xk+1 = Xk.

The resulting transition kernel is

P (x, dy) = α(x, y)Q(x, dy) + δx(dy)
(
1−

∫
α(x, y′)Q(x, dy′)

)
. (12.3)

The δx(dy) component represents the rejection event: with positive probability the chain
stays at x. Note that P (x, dy) is generally not absolutely continuous in dy even when
Q(x, dy) is, precisely because of this Dirac mass. This is the reason (12.2) must be
interpreted as a measure identity.

When the proposal has a density. Assume now that Q(x, dy) = q(y | x) dy for
some conditional density q(· | x). Write out (12.2) as a relation between joint densities
(where they exist) plus diagonal mass:

π(dx)P (x, dy)
∣∣
off-diagonal = α(x, y)π(x) q(y | x) dx dy,

and similarly with x↔ y. The diagonal contributions π(dx) δx(dy) · (. . .) are symmetric
under swapping x↔ y automatically. So detailed balance reduces to

α(x, y)π(x) q(y | x) = α(y, x)π(y) q(x | y) for almost every (x, y). (12.4)

The largest acceptance probability α ∈ [0, 1] satisfying (12.4) is the classical Metropolis–
Hastings ratio:

α(x, y) = min

(
1,

π(y) q(x | y)
π(x) q(y | x)

)
. (12.5)

To verify: when the ratio is ≤ 1, α(x, y) equals the ratio and α(y, x) = 1, making (12.4)
read π(y)q(x | y) · 1 = 1 · π(y)q(x | y). The other case is symmetric. So P defined by
(12.3) with α from (12.5) is reversible for π, hence π-stationary.

Two practical features make (12.5) usable: α depends on π only through the ra-
tio π(y)/π(x), which cancels the normalizing constant Z =

∫
e−V ; and π(y)/π(x) =

eV (x)−V (y) needs only function evaluations of V .
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Why min(1, r) is the optimal choice. The detailed-balance condition (12.4) has
many solutions. For any function s : Rd × Rd → (0,∞) satisfying s(x, y) = s(y, x)
(symmetry), the acceptance

α̃(x, y) =
s(x, y)

π(x) q(y | x)

satisfies (12.4), provided we clip to [0, 1], i.e. require s(x, y) ≤ min(π(x)q(y | x), π(y)q(x |
y)). The largest admissible s is the pointwise minimum s∗(x, y) = min(π(x)q(y |
x), π(y)q(x | y)), which recovers exactly α̃ = min(1, π(y)q(x | y)/[π(x)q(y | x)]) —
the Metropolis–Hastings rate (12.5). Any other valid choice α̃ ≤ αMH pointwise.

Thus among all reversible kernels of the form (12.3) built from a given proposal q,
the Metropolis–Hastings choice (12.5) dominates all others. The same statement holds
in the involution framework below, with min(1, r) replaced by the Jacobian-corrected
version (12.8); the argument is identical.

Random-walk Metropolis. The simplest choice is a symmetric Gaussian proposal
q(· | x) = N (x, h2Id). Symmetry q(y | x) = q(x | y) collapses (12.5) to

α(x, y) = min
(
1, eV (x)−V (y)

)
. (12.6)

This is random-walk Metropolis (RWM): gradient-free and applicable to any density
known up to a constant. The step h is a trade-off knob: larger h gives bigger moves
but more rejections, smaller h gives high acceptance but small moves. We work out the
optimal trade-off in Section 12.4 below; the headline result is that the optimal step on
a d-dimensional product target scales as h ≍ d−1/2 with acceptance rate ≈ 0.234 [32].

Composition with Langevin: MALA. Replacing the symmetric proposal by the
ULA-step proposal q(· | x) = N (x − h∇V (x), 2hId) gives the Metropolis-adjusted
Langevin algorithm (MALA) [60, 59]. The proposal density is no longer symmetric
— the gradient drift in q(y | x) and q(x | y) differs — so the full ratio (12.5) is needed.
MALA inherits ULA’s gradient information while removing its bias: π is targeted ex-
actly. The gradient information also gives a better dimensional scaling: h ≍ d−1/3 with
optimal acceptance ≈ 0.574 [58] (Section 12.4).

12.3 Beyond Density Proposals: Deterministic Involutions

The density-form derivation above assumed q(y | x) exists. For some of the most useful
proposals — including the Goodman–Weare stretch move and HMC — the proposed
Y is a deterministic function of the current state and an auxiliary random variable,
so Q(x, ·) concentrates on a lower-dimensional set and admits no density on Rd. The
Metropolis–Hastings ratio (12.5) applied naively to such a proposal yields a ratio of
singular measures, typically zero or infinity, and is wrong.

The fix has been understood since the foundational work of Green on reversible-jump
MCMC [35]: introduce the auxiliary randomness explicitly, lift the proposal to a *deter-
ministic involution* on an extended state space, and recover detailed balance there. The
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acceptance ratio acquires a Jacobian factor accounting for the change of variables. [70]
gave the general-state-space measure-theoretic treatment of detailed balance for possi-
bly singular MH kernels, but did not phrase the result in terms of involutions. For the
involution structure narrative, we follow the presentation of [6, 33].

Extended state space

Augment the state X ∈ Rd with an auxiliary variable Z ∈ Z on a measurable space
carrying a reference measure ν(dz). The extended state space is Rd×Z and the extended
target is the product measure

π̃(dx, dz) := π(dx) ν(dz). (12.7)

Sampling from π̃ and projecting onto the first coordinate samples π, since the X-marginal
of π̃ is exactly π. The auxiliary Z encodes the randomness of the proposal — e.g. the
choice of partner walker and stretch factor in Goodman–Weare, or the initial momentum
in HMC.

Involutions

A proposal is now a measurable map ϕ : Rd × Z → Rd × Z that is an involution:
ϕ ◦ ϕ = id. Concretely, the proposal sends (Xk, Zk) to ϕ(Xk, Zk), and applying ϕ a
second time returns to the starting state.
Remark 12.2 (Why involutions). The involution requirement ϕ2 = id replaces the for-
ward/reverse density structure of the previous subsection. Density-based MH involves
both q(y | x) and q(x | y) separately. For deterministic proposals there is no q(x | y) to
write down — but if ϕ is an involution, the reverse move from the proposed state is just
ϕ again, automatically. Algebraically, ϕ2 = id is what makes the swap x ↔ y in (12.2)
a well-defined symmetry operation on the extended space.

Acceptance ratio for involutions

Assume ϕ is a C1 diffeomorphism on Rd × Z satisfying ϕ2 = id, and that the extended
target has a density against dx ν(dz): π̃(dx, dz) = π̃(x, z) dx ν(dz) where, by (12.7),
the density factorizes as π̃(x, z) = π(x)n(z) in the case ν(dz) = n(z) dz. The argument
below extends with no change to general ν via Radon–Nikodym, with π̃(x, z) interpreted
as the density of π̃ against dx⊗ ν.

The Metropolis–Hastings step on the extended space is:

(1) Draw Zk ∼ ν (independent of Xk).

(2) Propose (X ′, Z ′) := ϕ(Xk, Zk).

(3) Accept with probability

α(Xk, Zk) = min

(
1,

π̃(ϕ(Xk, Zk))

π̃(Xk, Zk)

∣∣detDϕ(Xk, Zk)
∣∣) ; (12.8)

if accepted, set Xk+1 = X ′; otherwise Xk+1 = Xk.
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The form (12.8) has two new ingredients compared with the classical formula (12.5):
the auxiliary variable Z has been promoted into the state, and a Jacobian factor |detDϕ|
has appeared. The Jacobian accounts for the change-of-variables in ϕ: when ϕ stretches
a small volume in (x, z)-space, the proposed configuration covers proportionally more or
less measure, and the acceptance probability compensates. In the special case | detDϕ| =
1 (volume-preserving ϕ) the Jacobian drops out, and the ratio reduces to a pure density
ratio in the extended target.

Proposition 12.3 (Detailed balance for involution proposals). Let ϕ be a C1 involution
on Rd×Z and let α be defined by (12.8). The Markov kernel (12.3) built from ϕ on the
extended state is reversible for π̃: for any measurable E ⊂ (Rd ×Z)2,∫

E
π̃(dξ) P̃ (ξ, dξ′) =

∫
E∗

π̃(dξ) P̃ (ξ, dξ′), (12.9)

where E∗ = {(ξ′, ξ) : (ξ, ξ′) ∈ E} is the swap of E. Projecting onto the x-coordinate
yields a chain with π as stationary distribution.

Sketch. Write the extended kernel as in (12.3):

P̃ (ξ, dξ′) = α(ξ) δϕ(ξ)(dξ
′) +

(
1− α(ξ)

)
δξ(dξ

′),

i.e. with probability α(ξ) the chain moves to ϕ(ξ), otherwise it stays at ξ. The diagonal
(rejection) part (1−α(ξ)) δξ(dξ

′) contributes to (12.9) symmetrically since ξ = ξ′ on its
support.

The off-diagonal (acceptance) part requires the change of variables. Writing ξ =
(x, z) and using the density form π̃(dξ) = π̃(ξ) dξ, the left-hand side of (12.9) on the
acceptance event is ∫

1E(ξ, ϕ(ξ)) π̃(ξ)α(ξ) dξ.

Change variables η := ϕ(ξ) so ξ = ϕ(η) (using ϕ2 = id) and dξ = | detDϕ(η)| dη:

=

∫
1E(ϕ(η), η) π̃(ϕ(η))α(ϕ(η)) | detDϕ(η)| dη.

The indicator 1E(ϕ(η), η) equals 1E∗(η, ϕ(η)) by the definition of E∗. The integrand on
the right-hand side of (12.9) (over E∗) is π̃(η)α(η). So (12.9) reduces to the pointwise
identity

π̃(ϕ(η))α(ϕ(η)) |detDϕ(η)| = π̃(η)α(η) for a.e. η.

Plug in (12.8): both sides equal min
(
π̃(η), π̃(ϕ(η)) | detDϕ(η)|

)
, which is symmetric in

η and ϕ(η) (using ϕ2 = id and | detDϕ(η)| · | detDϕ(ϕ(η))| = 1). Reversibility (12.9)
follows. The marginal in x is π because π̃ = π⊗ν is a product measure, so π-stationarity
of the x-chain follows from π̃-stationarity on the extended space.

Remark 12.4 (Classical MH as a special case). The classical density-form algorithm of
Equation (12.5) is itself an instance of (12.8) with extended state (x, y) ∈ R2d, reference
ν(dy | x) = q(y | x) dy, involution ϕ(x, y) = (y, x) (the swap), and Jacobian | detDϕ| =
1. Plugging in, π̃(y, x)/π̃(x, y) = π(y)q(x | y)/[π(x)q(y | x)], which is exactly the
classical ratio. This is worked out in detail in Week 8 Exercise 1.
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Worked example: Goodman–Weare stretch move

The stretch move of Goodman–Weare [34] is an example where the involution framework
can be applied. Evolve L walkers X = (X(1), . . . , X(L)) ∈ (Rd)L in parallel, targeting
π⊗L on the joint space. To update walker ℓ:

(1) Pick a partner j ̸= ℓ uniformly at random.

(2) Draw a stretch factor Z ∼ p(z) with density p(z) ∝ 1/
√
z on [1/a, a] for some

a > 1 (typically a = 2).

(3) Propose the new walker Y = X(j) + Z
(
X(ℓ) −X(j)

)
.

(4) Accept with a probability to be determined.

The proposed Y lies on the line from X(j) through X(ℓ), scaled by Z. There is no density
for Y on Rd: given X, the proposal is supported on a 1D ray.

Casting as an involution. Treat (X, Z) as the extended state, with reference measure
ν(dz) = p(z) dz on [1/a, a]. Define the proposal map

ϕ(X, Z) = (X′, 1/Z), X(k)′ =

{
X(j) + Z

(
X(ℓ) −X(j)

)
k = ℓ,

X(k) k ̸= ℓ.
(12.10)

We check that ϕ is an involution. The walker update inverts under Z → 1/Z because
X(j) + Z

(
X(ℓ) −X(j)

)
= X(ℓ)′ implies X(ℓ) = X(j) + (1/Z)

(
X(ℓ)′ −X(j)

)
, exactly the

update produced by ϕ acting on (X′, 1/Z). The partner X(j) and the other walkers are
fixed throughout, so applying ϕ a second time recovers (X, Z).

The Jacobian. Compute Dϕ as a block matrix on coordinates (X(ℓ), Z), holding all
other walkers fixed. From (12.10): ∂X(ℓ)′/∂X(ℓ) = Z Id, ∂X(ℓ)′/∂Z = X(ℓ) − X(j),
∂(1/Z)/∂X(ℓ) = 0, and ∂(1/Z)/∂Z = −1/Z2. The block structure is upper triangular
in (X(ℓ), Z), so∣∣detDϕ(X, Z)

∣∣ = ∣∣det(Z Id)
∣∣ · |−1/Z2| = Zd · Z−2 = Zd−2. (12.11)

The acceptance ratio. The target on the extended space is π̃(X, Z) = π⊗L(X) p(Z).
The non-updated walkers X(k) for k ̸= ℓ cancel in the density ratio, leaving

π̃(ϕ(X, Z))

π̃(X, Z)
=

π(X(ℓ)′)

π(X(ℓ))

p(1/Z)

p(Z)
.

With p(z) ∝ z−1/2, p(1/Z)/p(Z) = (1/Z)−1/2/Z−1/2 = Z1/2/Z−1/2 = Z. Combining
with the Jacobian (12.11) and (12.8):

α(X, Z) = min

(
1,

π(X(ℓ)′)

π(X(ℓ))
· Z · Zd−2

)
= min

(
1, Zd−1 π(X

(ℓ)′)

π(X(ℓ))

)
. (12.12)

This is the stretch-move acceptance ratio [34], now derived as a consequence of the
involution framework.
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Remark 12.5 (The role of the 1/
√
z density). The involution framework actually works

for any choice of density p(z) on [1/a, a]: a different choice just produces a different
value of p(1/Z)/p(Z) in the acceptance ratio. The specific choice p(z) ∝ z−1/2 has the
property p(1/Z)/p(Z) = Z, which combines with the Jacobian Zd−2 to give the clean
Zd−1 form in (12.12). The original [34] chose p ∝ z−1/2.

Affine invariance. The stretch move is affine invariant in the sense of Definition
10.2. Applying A ∈ GL(d) to all walkers sends X(j) + Z(X(ℓ) − X(j)) to AX(j) +
Z(AX(ℓ) −AX(j)) = A[X(j) + Z(X(ℓ) −X(j))], so the proposal commutes with A. The
acceptance ratio π(X(ℓ)′)/π(X(ℓ)) pulls back through A to the analogous ratio for the
pushforward target A#π, and the Jacobian Zd−1 is unchanged. So the stretch move on
π in coordinates X is identical, step for step, to the stretch move on A#π in coordinates
AX. Affine invariance is built in by the geometry of the proposal — there is no metric
to estimate. The emcee package [29] is the standard implementation and dominates
Bayesian inference in computational astrophysics.

HMC as another involution

Hamiltonian Monte Carlo [53] fits the same framework and we sketch it briefly. The aux-
iliary variable is a momentum P ∈ Rd with reference measure ν(dp) = N (0, Id), so the
extended target is the Boltzmann distribution on phase space π̃(x, p) ∝ e−V (x)−∥p∥2/2.
The proposal is ϕ = F ◦ ΦT , where ΦT is the (approximate) Hamiltonian flow on (x, p)
for time T under H(x, p) = V (x) + 1

2∥p∥
2 and F (x, p) = (x,−p) is momentum nega-

tion. One checks ϕ2 = id: ϕ2 = FΦTFΦT = FFΦ−TΦT = id, using time reversibility
FΦTF = Φ−T of the Hamiltonian flow. When ΦT is integrated exactly, H is conserved
so π̃ is preserved exactly and the acceptance ratio (12.8) becomes 1; with leapfrog as
the discrete approximation, H is conserved up to O(h2) per step and the ratio is the
corresponding energy error α = min(1, e−∆H) where ∆H is the leapfrog energy drift.
The leapfrog Jacobian is exactly 1 because the scheme is symplectic, which is why
| detDϕ| = 1 does not appear in the standard HMC acceptance ratio.

12.4 Dimensional Scaling of Step Size

The Metropolis correction removes bias for any step size, but step size still controls
efficiency through the trade-off between move length and acceptance rate. For the
algorithms above, this trade-off admits a clean asymptotic answer in high dimensions:
the optimal step size h shrinks as a negative power of the dimension d, with the exponent
determined by how well the underlying continuous-time process approximates the truth.
We work out the canonical isotropic Gaussian case π = N (0, Id) explicitly — both
because the calculation is short and because the scaling exponents are universal : they
extend to broad classes of d-fold product targets under mild regularity [32, 58, 7].

Throughout, write the log-acceptance ratio as log r and let X ∼ π. The chain has
non-vanishing acceptance as d→∞ iff EX∼π[log r] stays bounded.
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Random-walk Metropolis: h⋆ ≍ d−1/2. On π = N (0, Id), V (x) = 1
2∥x∥

2 and the
RWM proposal is Y = X + hZ with Z ∼ N (0, Id) independent. The log-acceptance
ratio is

log r = V (X)− V (Y ) = 1
2∥X∥

2 − 1
2∥X + hZ∥2 = −hX · Z − h2

2 ∥Z∥
2.

At stationarity X ∼ N (0, Id) is independent of Z, so X · Z ∼ N (0, d) and E∥Z∥2 = d
with Var∥Z∥2 = 2d. To leading order in d,

log r
d
≈ N

(
−h2d

2 , h2d
)
.

(The mean is −h2d/2; the −hX · Z piece contributes the h2d variance and the ∥Z∥2
fluctuations contribute only O(h4d).) For log r to remain O(1) as d→∞,

h2 d = O(1) ⇐⇒ h⋆ ≍ d−1/2. (12.13)

Setting h = ℓ d−1/2 for a constant ℓ gives log r → N (−ℓ2/2, ℓ2), and the limiting ex-
pected acceptance E[min(1, elog r)] = 2Φ(−ℓ/2) is maximized at ℓ∗ ≈ 2.38, giving the
famous optimal RWM acceptance rate α∗ ≈ 0.234 [32]. Traversing an O(1) distance
requires O(d) iterations.

MALA: h⋆ ≍ d−1/3. The MALA proposal Y = X − h∇V (X) +
√
2hZ = (1− h)X +√

2hZ incorporates a leading-order “correction” from the gradient drift that cancels
exactly the O(h2d) bias of RWM. Direct computation of the log-acceptance ratio

log r = V (X)− V (Y )− 1
4h

(
∥X − Y + h∇V (Y )∥2 − ∥Y −X + h∇V (X)∥2

)
(the standard MH ratio for an asymmetric proposal with ∇V (x) = x on the isotropic
Gaussian) reduces, after expanding ∥Y −X+h∇V (X)∥2 = ∥hX−hX+

√
2hZ∥2· careful

algebra, to a quantity whose mean at stationarity is O(h3d) rather than O(h2d) [58].
Asking h3d = O(1) gives

h⋆ ≍ d−1/3, (12.14)

with optimal acceptance rate α∗ ≈ 0.574 [58]. Traversing an O(1) distance requires
O(d1/3) iterations. MALA improves on RWM by a factor of d2/3 in iteration count —
the reward of using gradient information.

HMC: h⋆ ≍ d−1/4. For HMC with leapfrog of L = T/h steps and total integration
time T = O(1), the energy drift along a trajectory satisfies ∆H = O(h2) per coordinate
(leapfrog is a second-order symplectic integrator). On π = N (0, Id) the per-step energy
errors of independent coordinates accumulate independently; across all d coordinates,
∆H ∼ N (ch4d, σ2h4d) for some constants c, σ [7]. The acceptance ratio min(1, e−∆H)
stays bounded away from 0 iff

h4 d = O(1) ⇐⇒ h⋆ ≍ d−1/4, (12.15)

with optimal acceptance rate α∗ ≈ 0.651 [7]. Each iteration costs T/h = O(d1/4)
gradient evaluations and moves a physical time T ≍ 1, so HMC needs O(d1/4) gradient
evaluations per effectively independent sample.
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Summary.

Optimal step h⋆ Optimal acceptance Gradient evals per sample

RWM d−1/2 ≈ 0.234 d

MALA d−1/3 ≈ 0.574 d1/3

HMC d−1/4 ≈ 0.651 d1/4

The exponents track the discretization order: RWM uses no information beyond function
values (order 1/2); MALA uses the gradient (a 1st-order discretization of Langevin,
contributing one extra half-power); HMC uses the symplectic leapfrog (a 2nd-order
discretization of Hamiltonian flow, contributing yet another half-power). Higher-order
integrators applied to HMC can push the exponent further, with h⋆ ≍ d−1/(2k) for an
order-k symplectic integrator [7].

What the scaling does not capture. The bounds above measure the cost per ef-
fectively independent sample on a product-form Gaussian target, where the dimensional
challenge is uniform across coordinates. Two situations break the analysis. (i) Ill-
conditioned targets: condition number κ enters multiplicatively, as in Section 10.2; the
d−1/4 HMC step is on the slowest direction, so the slow direction’s step shrinks to√
λmin/d

1/4 — preconditioning can recover this loss. (ii) the per-coordinate indepen-
dence assumption fails, and the scaling can degrade.

Extensions: multiple-try, delayed rejection, NUTS. The involution framework
can be used to calculate the acceptance rates for several refinements of Metropolis–
Hastings widely used in practice. Multiple-try Metropolis [50] generates K candidate
proposals at once and accepts one with weights involving all candidates, with the joint
(x, y1, . . . , yK , k, x1, . . . , xK−1) state made into an involution on an extended product
space. Delayed-rejection [71, 36] reuses the rejected proposal information by composing
several MH attempts conditionally, satisfying a conditional detailed balance. Biased
progressive sampling [8], the engine of the No-U-Turn Sampler (NUTS) [39], combines
multinomial selection along a trajectory with a sequence of conditional accept/reject
decisions. In all three cases the right framework is deterministic involutions on an appro-
priately extended space, often with the detailed-balance condition imposed conditionally
on a selected event. We treat these as exercises (Week 8 Exercise 3).

For adaptive HMC specifically, the Gibbs self-tuning (GIST) framework of [11] unifies
randomized HMC, multinomial HMC, and NUTS as a single class: treat each algorithm’s
tuning parameters (path length, step size, mass matrix) as auxiliary variables, augment
the state to (x, p, α), and use a measure-preserving involution on the enlarged space. The
framework also enables local step-size adaptation in NUTS while preserving reversibility
[10, 9].
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Week 8 Exercises

Exercise 1 shows that classical Metropolis–Hastings is itself an instance of the involution
framework of Section 12.3; the remaining (optional) exercises extend the framework to
multiple-try, delayed rejection, and NUTS, each requiring a different extended state
and—in some cases—only a conditional form of detailed balance.

1. (Standard Metropolis–Hastings as an involution.) We show the density-based
algorithm of (12.5) is the same as the involution formalism applied to a particular
extended state and reference.

Take ξ = (x, y) ∈ R2d with reference kernel ν(dy | x) = q(y | x) dy and extended
target

π̃(dx, dy) := π(dx) q(y | x) dy. (12.16)

The only minor extension from Section 12.3 is that the reference depends on x (a
kernel rather than a fixed measure).

(a) (The swap is an involution.) Verify that

ϕ(x, y) := (y, x) (12.17)

satisfies ϕ2 = id and |detDϕ| = 1.

(b) (Marginal recovers π.) Show
∫
π̃(dx, dy) = π(dx). After the swap, the old

y-coordinate becomes the new x-coordinate.

(c) (Recover the MH acceptance.) Plug (12.17) into (12.8) and use (12.16) to obtain

α(x, y) = min

(
1,

π(y) q(x | y)
π(x) q(y | x)

)
, (12.18)

which is exactly (12.5). Classical MH is the simplest non-trivial involution:
“propose, then swap”.

(d) (Interpretation.) The structure of standard MH is encoded in three choices: the
extended state (x, y) ∈ R2d, the reference ν(dy | x) = q(y | x) dy, and the swap
ϕ(x, y) = (y, x). Random-walk Metropolis, MALA, and pCN are all this same
involution; only q differs.

Takeaway. To design a new MCMC method, pick an extended state, reference mea-
sure, and involution; the acceptance ratio adapts automatically via (12.8).

2. (Optional) (Multiple-try Metropolis.) The MTM algorithm of [50] generates K
candidates per step, selects one by a weight scheme, and accepts via a Metropolis
correction. We derive it as an involution on a further-extended space.

Setup. Fix a proposal q(· | x) and a positive symmetric weight w(x, y) = w(y, x)
(in practice w(x, y) = π(x) q(y | x)). At Xk = x:
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(1) Sample y1, . . . , yK
iid∼ q(· | x).

(2) Pick J with P (J = j) ∝ w(x, yj).

(3) Sample x1, . . . , xK−1
iid∼ q(· | yJ); set xK := x.

(4) Accept Xk+1 = yJ with probability below.

The extended state is ξ = (x, y1, . . . , yK , J, x1, . . . , xK−1) with target

π̃(ξ) = π(x)

K∏
k=1

q(yk | x)
w(x, yJ)∑
k w(x, yk)

K−1∏
k=1

q(xk | yJ). (12.19)

(a) (Marginal is π.) Verify that the x-marginal of (12.19) is π(x). The selection
weights are what make the J-sum collapse to one.

(b) (The MTM involution.) The involution promotes yJ to the new x and inserts
the old x at position J of the new y-block:

ϕ : (x, y1, . . . , yK , J, x1, . . . , xK−1)

7→
(
yJ , (x1, . . . , xJ−1, x, xJ+1, . . . , xK−1, yJ),

J, (y1, . . . , yJ−1, yJ+1, . . . , yK)
)
. (12.20)

Verify ϕ2 = id. The Jacobian is | detDϕ| = 1 (a coordinate permutation).

(c) (Acceptance ratio.) Compute π̃(ϕ(ξ))/π̃(ξ) using (12.19). With w(x, y) =
π(x)q(y | x) the products of q cancel; the surviving terms give

α(ξ) = min

(
1,

∑K
k=1w(yJ , xk)∑K
k=1w(x, yk)

)
. (12.21)

Hint. Track which factors contain x vs. yJ and use symmetry of w.

(d) (Why MTM helps.) Compare with (12.5): (12.21) is a K-sample average. If
at least one yk lands in a high-density region, the denominator is large and the
ratio is bounded below regardless of how poor the other yk’s are. Vanilla MH
commits to a single proposal. The cost is K density evaluations per step —
worthwhile when these are cheap compared with mixing.

3. (Optional) (Conditional detailed balance and delayed rejection.) Standard
detailed balance (12.2) demands π(dx)P (x, dy) be symmetric under x ↔ y. Several
modern methods relax this to symmetry on a specific event. We develop the simplest
such case, delayed rejection (DR) [71, 36].

Conditional detailed balance. For a measurable event E ⊂ Rd × Rd, the kernel
P satisfies conditional DB on E if

π(dx)P (x, dy)1E(x, y) = π(dy)P (y, dx)1E(y, x). (12.22)
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If events {Ei} partition the joint space and each sub-kernel respects conditional DB
on its event, the total kernel is π-stationary by integration.

DR setup. At x, propose y1 ∼ q1(· | x) with standard MH rate α1(x, y1) from
(12.5). On acceptance, Xk+1 = y1. On rejection, propose y2 ∼ q2(· | x, y1) from
a possibly different kernel (allowed to depend on y1) and accept with probability
α2(x, y1, y2) to be determined.

(a) (Why standard DB fails.) Decompose the move Xk → Xk+1 into stage-1-accept,
stage-2-accept, and reject-both. Stage-1-accept is vanilla MH and satisfies (12.2)
on its own; the stage-2-accept transition x→ y2 is coupled through y1, with no
matching standard-DB reverse. We design α2 to make stage 2 satisfy conditional
DB on the event “stage 1 rejected”.

(b) (Conditional DB equation.) The stage-2-accept contribution to the joint π(dx)P (x, dy2)
is

π(x) q1(y1 | x)
(
1− α1(x, y1)

)
q2(y2 | x, y1)α2(x, y1, y2) dx dy1 dy2.

Conditional DB (swap x↔ y2, keep y1 fixed) reads

π(x) q1(y1 | x)
(
1− α1(x, y1)

)
q2(y2 | x, y1)α2(x, y1, y2)

= π(y2) q1(y1 | y2)
(
1− α1(y2, y1)

)
q2(x | y2, y1)α2(y2, y1, x). (12.23)

(c) (Solve for α2.) The largest α2 ∈ [0, 1] satisfying (12.23) is

α2(x, y1, y2) = min

(
1,

π(y2) q1(y1 | y2) q2(x | y2, y1)
π(x) q1(y1 | x) q2(y2 | x, y1)

1− α1(y2, y1)

1− α1(x, y1)

)
. (12.24)

Compared with vanilla MH, the extra ratio of (1− α1) factors accounts for the
conditioning on first-stage rejection.

(d) (Why DR helps.) Useful when π has features at multiple scales. Tune q1 for high
acceptance with small moves. A rejection signals y1 in a low-density region, so
q2 can take a larger or differently-oriented step. Vanilla MH cannot use rejection
information; DR pays the cost of a second proposal only when the first fails.

(e) (More than two stages.) Generalize (12.24) to a K-stage scheme: if stages
1, . . . , J − 1 have all rejected, propose yJ ∼ qJ(· | x, y1, . . . , yJ−1) and accept
with αJ satisfying conditional DB on the event “stages 1, . . . , J − 1 rejected”.

4. (Optional) (Biased progressive sampling and NUTS: a unification.) HMC
with fixed integration time T requires manual tuning. The No-U-Turn Sampler
(NUTS) [39] adapts T automatically. The original presentation seemed to break
HMC’s involution structure; Betancourt [8] reformulated NUTS as biased progressive
sampling, combining (i) multinomial selection on an orbit (Exercise 2 analogue) and
(ii) a sequence of accept/reject decisions each satisfying conditional DB (Exercise 3
analogue).
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Setup. HMC’s leapfrog map Φ generates an orbit O = {Φj(x0, p0) : −L/2 ≤ j ≤
L/2} in phase space, balanced around (x0, p0). The target on orbits is π̃(O) ∝
e−H(x,p) for any representative point (leapfrog is volume-preserving). One step:

(1) Sample p0 ∼ N (0, I), fixing the orbit.

(2) Select (x∗, p∗) ∈ O as the new Xk+1.

Two selection mechanisms:

Multinomial. Sample one state from the entire orbit with weights

P
(
select (xi, pi)

)
=

e−H(xi,pi)∑
j e
−H(xj ,pj)

.

Combined with momentum-flip-and-reverse (an involution, as in Section 12.3), this is
a multiple-try-style step: one accept/reject over the whole orbit, full (unconditional)
DB.

Progressive. Walk along the orbit one leapfrog step at a time, deciding whether
to “jump” the proposal pointer to the new endpoint at each extension. Each jump
satisfies conditional DB; the proposal can travel arbitrarily far, controlled by an
adaptive stopping criterion (the No U-Turn condition).

(a) (Conditional DB for one progressive step.) Current proposal at (x(j), p(j)); ex-
tend the trajectory to (x(j+1), p(j+1)). Let αj be the probability of advancing
the pointer, conditional on the extension. Show that the biased choice

αj = min

(
1,

e−H(x(j+1),p(j+1))

e−H(x(j),p(j))

)
(12.25)

satisfies conditional DB (analogue of (12.23)) while being strictly more progres-
sive than a uniform pick.

(b) (Multinomial vs. progressive.) Compare:

• Multinomial: one decision per orbit; stores all states; computes
∑

e−H ;
rejection only if the whole trajectory is bad.

• Progressive: one decision per leapfrog step; online (no storage); biased to-
ward farther moves (each successful jump pushes the pointer forward).

“Biased toward long moves” is exactly what HMC wants: long trajectories ex-
plore π rapidly through ballistic dynamics. NUTS combines both [8]: build the
orbit by progressively doubling its length, then select via multinomial draw over
the constructed orbit. Conditional DB on the orbit; length adapts without user
tuning.

(c) (Unifying picture.) Every accept-reject MCMC method in Section 12 is a target-
preserving deterministic operation on an extended state, varying in:
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• extended state and reference measure (the auxiliary randomness);
• involution ϕ;
• DB imposed unconditionally vs. conditionally on a partition.

The GIST framework [11] unifies adaptive HMC variants (randomized HMC,
multinomial HMC, NUTS) further by treating tuning parameters as auxiliary
variables of one involution.
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